MunucrepcTBo o0pazoBanusi 1 Hayku Poccuiickoi Pegepanun

®denepanbHOE rOCYIaPCTBEHHOE ABTOHOMHOE 00pa30BaTe/ibHOE YUpeKAeHue
BBICIIIETO MPO(eCcCHOHATBHOI0 00pa30BaHMSs

«HauuoHaJIbHBIN HCCIEA0BATEILCKUN TEXHOJIOTMYCCKUN YHUBEPCUTET
«MHUCuC»
HoBorpouuxuii ¢puinaj

. /. H3aak, A. B. Illeanéea

MATEMATHYECKNM AHAJIN3

AUODOEPEHIIHA/IBHBIE YPABHEHHA

Y4eOHO-MEeTOAUYECKOE TTOCo0He

HosBotrpouuxk 2013



VJIK 517.9
BBK 22.1
132

Hay4nbii pegakrop

bonou H. JI., xanouoam gpuzuxo-mamemamudeckux HayK

Penen3eHTnl:

Cokonos A. A., kanouoam Gusuxo-mamemamuieckux HayK,
ooyenm Kagheopvl 06uleoopazosamenbrbix U npogeccuonanvHuvlx oucyuniun Op-
ckoeo unuana ®I'AOY BIIO «Camapckuii 2ocyoapcmeeHHblll YHUGepCcumem ny-
meti cOoOweHUs»,

Qunonenko T.I1., cmapwuii npenooasamenv Kagheopvl MAmMeMamuKky u ecmecm-
sosnanus unuanra ®I'AOY BIIO «HayuonanvHwiil uccie0o8amenbCKUimexHo10-
euyveckul yHueepcumem « MUCuCy

MN3zaak, [.JI. Marematnyecknii anaau3. luddepeHunanbabie ypaBHEHUA:
YyeOHno-meronuueckoe nocooue / J1. JI. M3zaak, A. B. IlIBanésa. — HoBorpournk: HO
HUTY «MHUCuCy», 2013. — 80 c.

ISBN 978-5-903472-18-5

JlanHoe y4eOHO-MEeTOAMYECKOe MocoOre HamMcaHO B COOTBETCTBUU C IMPO-
rpaMMOM 1O BBICHIEH MaTeMaTHKe U OyAeT MOJe3HO KaK CTYACHTaM TeXHUYECKUX
nanpasnenuit (140100, 140400, 151000, 150400, 240100), Tak u cTyJaeHTaM Ha-
npasienuit 080100, 080200, 230700 ounoit Gpopmbl 0Oyuenus. B mocobuu npuse-
JICHBbI TEOPETUYECKUE CBEJCHUS, PEIICHHS TUIIOBBIX 3a/1a4, a TAK)KE YCIOBHS 3a/1a4y

JJIA CaMOCTOSITCJIbHOM pa60TBI C OTBCTAMHU U YKA3AHUAMU.

Pexomennosano Meroanueckum coetom HO HUTY «MUCuCy.

ISBN 978-5-903472-18-5 © HoBoTpouukuii punuan
«HanmoHansHbBIN Hcclien0Ba-
TEJABbCKUN TEXHOJIOTMYCCKUM
© ynusepcutetr "MHUCuC", 2013
© MWzaax J./1., 2013
[ITBanéna A.B., 2013



Bsenenue..............

OraBjenue

I'nasa 1. InddepenunajbHbie ypaBHEHUS IEPBOI0 MOPAAKA.........

1.1. ITocTaHOBKA 3

P21 021 | P

1.2. YpaBHEHHUS C pa3aEHAIOIMMUCS IIEPEMEHHBIMU .....ccvuveeennnn...

1.3. OnHopoHbIE

YPABHEHUS OTHOCHUTEIIBHO X, V.veenueeanieeeannannnn.

1.4. YpaBHeHUS, CBOASIIUECS K OJTHOPOIHBIM. . .uuuueeeeeennnneenannnn.

1.5. JIuneitnbie yp

ABHCHMUA IICPBOTO IMOPAAKA. ...,

1.6. YpaBHEHUS BEPHYIUIH. .....ovviiiiii e e

1.7. YpaBHeHUs B TTOTHBIX JUDPEPCHITAATIAK . ... eueeenreeanreeannennnnn.

1.8. NTHTErpUPYIOIMI MHOMKHUTEID . « .. eeeeneeeenneeeenntenenaeeanneeannnn

1.9. Hexotopsle 3aiauu, npuBosiue K 1udpepeHrnaibHbIM

YpaBHEHUSM.......

I'naga 2. [InddepeHunajbHbie ypABHEHUS] BBICIIMX MOPSAKOB.......

2.1. OcHOBHBIC OIIpCACIICHHA. TeopeMa CYLICCTBOBAaHM.

Hauvaneubie ycinos

2

2.2. YpaBHEHUS, JOMYCKAIOIINE IOHMKEHUE TTOPSIAKA. ..cnueeennnne...

2.3. O0mmast Teopust TUHEHHBIX YPABHEHUM . ....vvveeeieenrieiieeeeneenen.

2.4. Metop Bapualuy MPOU3BOJIBHBIX TOCTOSHHBIX . ...enuueeennaenn..

2.5. KOMIITEKCHBIE UHMCIIA. . .« v e ee e eee e e ee e e e e e ee e e ee e e ee e eans

2.6. JIunelinple OMHOPOAHBIE YPABHEHUS C MOCTOSIHHBIMU

Koxp punreHTamMu

2.7. Jlunennble yp

ABHCHU C ITOCTOAHHBIMUA KOC—)(i)(i)I/II_II/ICHTaMI/I

¢ 0co00¥ TTpaBo# YacThIO BUA ebem (X) e

2.8. Jlu"elHble yp

ABHCHU C ITOCTOAHHBIMUA KOC—)(i)(i)I/II_II/ICHTaMI/I

¢ 0c00oii IpaBoit yacThio BUAa e cos fxP, (x) +e™ sin fxQ, (X) .....

2.9. Jluneninbie yp

ABHCHU C ITOCTOAHHBIMUA KOG)(i)(i)I/ILII/ICHTaMI/I

C HpaBOﬁ 4acTbhIO 00JIee CI0KHOTO 23 1

2.10. JIuHeitHble ypaBHEHUA 1-T'0 TIOPSIKA C TOCTOSHHBIMU

Koxp punreHTamMu

23
25

25
26
32
39
42

45

49

57

58



2.11. Cuctembl 0OBIKHOBEHHBIX AU EepeHIIUANTbHBIX YPABHEHHH. . . . 60
I'imaBa 3. 3aaUM...cciiniiiniiiiniiiiiiiiiiiiiiiiiieiieecieciaecciacesnceces 05
3.1. YpaBHEeHUS ¢ pa3AeasSIONIUMUCS IEPEMEHHBIMU. ... ..vvveeennnnn... 65

3.2. OnHOpOHbIEC YPABHEHUS OTHOCUTEIBHO X, ). Y paBHEHUS,

CBOJISIIMECT K OTHOPOIHBIM. .. .uuttteeennntteeennnneeeennnnnneeeannnnnens 66
RIS 1713 (5370513 (S o X:0:33 (515146 SO 67
3.4. YpaBHEHUS BEPHYIUIH. .....ovvviiiiii i e, 67
3.5. YpaBHEHHUs IEPBOTO MOPSIKA CMEIIAHHBIX THIIOB. ................. 68
3.6. YpaBHEHUsI B TTOTHBIX JUDPEPCHIUATIAK ... uveeereeeanneennnnnnnnn. 69
3.7. IHTErpUPYIOUIAM MHOMKHUTEIIDB .« . vvvveeeennnaeeeeennnneeeeennnneeenn. 69

3.8. 'eomeTpuueckue U puznueckue 3aaauu, NPUBOISAIINC
K TU(DPEPEHIUATEHBIM YPABHEHHUSAM. ... e uveeneeeneeteennneenneanneannes 70
3.9. YpaBHeHUS, JONMYCKAIOIINE TOHUKEHUE MOPAIKA. .. oeennnrrennn... 70
3.10. JIuHeiiHbIE OJHOPOHBIE YPABHEHNUS C TOCTOSTHHBIMHU
O TI100) 70003 (5] £ 21 0 SR 71

3.11. JIuneitHbIe HEOAHOPOIHBIC YPABHEHHS C TIOCTOSHHBIMH
kod(ppunmerTamu ¢ ocoboii nMpaBoi YacThIO BUJIA ebem (X)eiannnnn. 72

3.12. JIuHeiiHbIEe HEOTHOPOIHBIE YPABHEHHUS C TOCTOSIHHBIMU

kod(ppunmerTamu ¢ ocoboii nMpaBoi YacThIO BU/IA

€™ oS BXP, (X) + €™ SIN FXO, (X) +ovvvvveeeeeeeeeeeee e 73
3.13. JIuHeiiHbIE HEOTHOPOIHBIE YPABHEHHUS C TOCTOSIHHBIMU

Koa(dpULIeHTaMH ¢ TPAaBOM YacThiO OOJIEE CIOKHOTO BUAA. ........... 74
3.14. MeTon Bapraniuu MPOU3BOJIBHBIX TOCTOSHHBIX . .. c.uuveeennnenn... 74
3.15. YpaBHEeHUA BBICIINX MOPSAKOB CMENIAHHBIX THIOB. .............. 75

3.16. HopmanbHble cucTeMbl 00BIKHOBEHHBIX AU((HepeHInaIbHbIX
D 81213 (5] 1717 76

BuOaHOrpapUUECKMM CIIMCOK «ovvvvnenerriiiennricsesenssscsesensscosssnnses 77



BBenenue

Hacrosimee yue6HO-MeToAMYECKOE TTOCOOME HAMMCAHO AaBTOPaMHU Ha OCHOBE
MHOTOJIETHETO ONbITa pabOThl CO CTYAEHTAMU TEXHUYECKUX HampaBieHui Hoo-
Tpoulikoro (Quinana HarmoHalIbHOrO MCCIEI0BATEIBCKOIO0 TEXHOJIOTUYECKOTO
yHuBepcurera «MHUCuCx.

B HeM coneparcs OCHOBHBIE TEOPETUUECKHUE CBEIECHUS, PELIEHNS TUITOBBIX
MPUMEPOB M 3aJ1ay, MOSICHAIOIIUX TEOPETUUECKU MaTepuanl U COCOOCTBYIOLIUX
0osee rIyOOKOMY €ro MOHMMaHUI0, 3aJJa4M JJII CAMOCTOSATEIbHOM paboThl C OTBe-
TaMd M YKa3aHUSAMH TI0 pa3/ieNly BBICIIEH MaTeMaTUKU — OugdepenyuanvHvie
YpaeHeHus.

B noco6uu npuBeneHsl Tpu riaBbl: r1aBa 1 — nocssiieHa qud@epeHimanb-
HBIM ypaBHEHMSIM IMEPBOTO MOPS/IKA; I1aBa 2 — MOCBAlIeHa U} pepeHInaibHbIM
YPaBHEHHUSAM BBICIINX MOPAIKOB, TAKKE B HEM PacKpbhIBAIOTCA HEKOTOPBIE TEOpE-
TUYECKUE ACTIEKThl TEOPUU CHUCTEM OOBIKHOBEHHBIX NU(DPEepeHIINaTIbHBIX ypaBHE-
HUW. B mpennaraeMbIX NMepBbIX ABYX IJIaBaX JOCTATOYHO PA3BEPHYTO M3JIArarOTCs
TEOPETUUYECKHE CBEACHUS: (HOPMYIUPYIOTCS ONpeNeTeHUs, JEMOHCTPUPYETCS BbI-
BOJI HEOOXOIUMBIX (OpMYJ, NpeajararoTcs J10Ka3aTelbCTBa paccMaTPUBAEMbIX
TeopeM. ['maBa 3 — colepKUT 3a/lauu, MpeyiaraéMble CTyJIeHTaM Il padoThl Ha
MPAKTUYECKUX 3aHATUIX (KaK ¢ pa300poM y JIOCKH, TaK U ISl CAMOCTOSITENILHOTO
pemenus). [Ipu monbGope 3aaa4 ObUIM UCTIOIB30BAHBI PA3IUYHBIC COOPHUKH 3a1a4
10 BBICIIEN MaTEMAaTHKE, B YACTHOCTH IIMPOKO M3BecTHbIE 3anaunuku JL.A. Ky3-
HenoBa «COOpHUK 3a7aHuil 1o Beiciield matematuke»; I.H. bepmana «COopHuk
3aJad 1o Kypcy mareMarndeckoro ananusay»; B.C. IllunmayeBa «3amadyHuK MO
BBICILIEN MAaTEMaTUKE.

JlanHoe yueOHO-METOJUYECKOE MOCOOHE MOCITYXKHUT XOPOIIUM MOMOIIHUKOM JIJist
CTYJIEHTOB IIPU U3y4YEHHUU pa3jena MareMaTuueckoro ananuza «Jluddepenuumans-

HBIC YPABHCHUA» KaK IO PYKOBOJICTBOM IIPCIIOAABATCIIA, TdK U CAMOCTOATCIIBHO.



I'TABA 1. ITHO®EPEHIIUAJIBHBIE YPABHEHUA
HHEPBOI'O NOPAJAKA

1.1 ITocTanoBKa 3axauu

B wuHTErpambHOM HWCYHWCIIEHWW peIIaeTcs CJeayrollas OCHOBHAs 3ajada:
3Hasl IPOU3BOJIHYIO OT HEKOTOPOW (PYHKIIMH, BOCCTAHOBUTH camy (pyHkIuio. Oj-
HaKo, 4acTo TpeOyeTcsl pemuTh Oojiee OOIIyI0 3amady: Tpebyercss HaWTu (PyHK-
U0, €CITH U3BECTHO HEKOTOPOE COOTHOIICHUE MEXKTy 3TOH HEU3BECTHOU (YHKIIH-
¢H, ee TIPON3BOIHBIMU M HE3aBUCHUMBIM MEPEMEHHBIM. JTO COOTHOIICHUE Ha3bIBa-
eTcs nuddepeHInaIbHbIM YPaBHEHUEM.

Ntak, muddepeHnnanbHbIM ypaBHEHHEM TIEPBOTO MOPSAKA HA3BIBACTCS CO-
OTHOIIICHHE MEXIYy HE3aBUCHUMBIM IIEPEMCHHBIM, HEHU3BECTHOW (YHKIMEH M e¢
nepBoi npousBoaHON. B oOmem Bune muddepeHnunanbHoe ypaBHEHHUE TEPBOTO

MOPsIIKa MOXKET OBITh 3aMMMCAHO CIICIYIOIIUM 00pa3oM:

F(x,y,y")=0. (1.1.1)
Besikas ¢pynkuus y =@(x), yIOBIETBOpAOIIAs JaHHOMY YpPaBHEHHIO (TO

€CTh 00pallaolas ero B TOK/JAECTBO), HA3bIBAETCS PEIICHUEM JJAHHOTO YPaBHEHMUS.
Huddepennmansuoe ypaBuenue (1.1.1) Ha3pIBaeTCs ypaBHEHHEM, HE pa3pellCH-

HBIM OTHOCHUTCIIBHO HpOHBBOI{HOﬁ. Ecnm ero Bo3mMoxxHO paspeuinTb OTHOCUTCIBbHO

y', TO OHO MPUBOAUTCS K BHLY
y'=fxy).
OTO ypaBHEHHE Ha3bIBACTCS YpPaBHEHUEM, Pa3pEUICHHBIM OTHOCHUTEIBHO IMPOU3-
BOJTHOM.
HazoBem rpaduk pemenus auddepeHunasbHOro ypaBHEHUS HHTErPadbHON
KkpuBoi. OObIYHO MU PepeHnnanbHoe ypaBHEHNE UMeeT 0€CUUCICHHOE MHOKECT-

BO pemieHuid. MHorna 3anarr 3HaueHUE ), MCKOMOW (YHKIMH IPU HEKOTOPOM
3HaYCHHUH X, KaK TOBOPAT, B 3TOM CiIy4ae 3aJaloT HadaabHOe ycioBue. C reoMer-

queCKOﬁ TOYKH 3PCHUA 3ada4a OTBICKAHUS PCUICHUA I[I/I(i)(i)epeHHI/IaHBHOFO YpaB-
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HCHUA C 3dJdHHBIM Ha4daJIbHBIM YCJIOBUCM PABHOCHUIIbHA TOMY, yTOOBI HANTH Ty

UHTErPaIbHYI0 KPUBYIO, KOTOPas IMPOXOJIUT 4Yepe3 TOUKYy (X,,),) Ha INIOCKOCTH
XOY, n Ha3pIBaeTcs 3agaucii Komm.

Paccmorpum auddepennpansoe ypaBuenne Buga y' = f(x,y). Ipu goc-
TATOYHO OOIIMX YCIOBUAX, @ UMEHHO, ecinu GyHKuuu f(x,y) u fy/ (x,y) Henpe-

PBIBHBI BO BCEX TOYKaX HEKOTOpou obnactu G Ha miockoctu XOY, mis kaxmon
TOYKU (X,,),) 3Toi oOnactu G CyIIECTBYET €IMHCTBEHHAass (QyHKUUA ) = @(X),

yIIOBIETBOpsIONIas JaHHOMY AuddepeHnanbHOMy YpaBHEHUIO U MPUHUMAIOIIAs

3HA4YCHUC ), IIPH X = X,,. OTta TCOPCMA HA3BIBACTCA TCOpCMOﬁ Kommu.

O6muM pemenneM auddepeHnuansHoro ypasernust y' = f(x,y) B obmac-
™ G HaszwpiBaeTca GpyHkuus y = @(x,C), yaI0OBIETBOPSIONIAs CICAYIOIINUM YCIOBH-

SAM:

1) dynkuus y=¢@(x,C) sBusercs peuieHueM Iud@epeHnnanbHOro ypas-

HCHUA IIpU JIFO0OM KOHKPCTHOM Cu3 HCKOTOPOI'oO MHOKCCTBA,

2) nns mo0oi Touku (X,,y,) n3 obnmactu G MoxkHO HaiTH Takoe C, 4TO
HKIuA y = @(x,C;) yAOBIETBOPAET HAYAIBHOMY YCIOBHIO V(X)) = V.
y Yy=0x,L9) ¥ p Yy Y{Xo)=Yo

B mpornecce paspickanus o6uiero pemeHus auddepeHImanbHOro ypaBHe-

HUS HEPEJKO MPUXOIUM K cooTHomeHuto Buaa D(x,y,C) =0, pa3penuB KOTopoe

OTHOCHUTEJIBHO ), Mbl MOTJIM OBl IOJIYy4YUTh 001ee pemieHre. OHAKo, 3TO HE BCe-

raa ynaercs caenath. PaBenctBo ®d(x,y,C) =0, HesBHO 3amaroriee ooIIee perie-

Hue IudPepeHInaTbHOTO YpaBHEHHUS, HA3bIBAETCS OOIIMM HHTErpajioM audde-
PEHIIMATBHOTO YPaBHEHUS.

Beskas ¢ynkuua y =@(x,C,), KOTOpas NOIy4aeTcs U3 OOILEro perieHus
y=¢(x,C) npu C=C,, Ha3bIBacTCA YaCTHbIM pelleHueM. Ecnu B oOwmuil uHTe-
rpan D(x,y,C)=0 mnoxacraBute C=C,, TO MNOIyYUM 4YaCTHBIH WHTETpa
D(x,y,Cy)=0.

[lonsenem utor. Pemnts nuddepennmanbHoe ypaBHEHHE, 3TO 3HAUMT:

1) HaiiTu ero oOlee pelleHrue WM OOUIUMN MHTErpaj, €clu He 3aJaHO Ha-
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YaJlbHOE YCIIOBHUE;
2) HalTH TO YAaCTHOE PEIICHUE WM YaCTHBIM UHTETpaj, KOTOPBIM YIOBIIE-

TBOPACT 3aIdHHOMY HaYaJIbHOMY YCJIIOBHIO.

[~2 2
Hanpumep, MOXHO 3aMeTUTb, yTO GyHKIUA y =V C* —x~ dBIgeTCS 00UUM

penrenneM guddepeHIHaTbHOr0 YpaBHEHHS ' :—i, a Qynkiua y=+/25—x?
y

ABJICTCA YAaCTHBIM PCHICHUCM JTOI'0 YpPAaBHCHHA IIpU HAYAJIBHOM YCIOBUHU

y(3)=4.

1.2 YpaBHeHus ¢ pa3aesiiOIIMMHUCS NepeMeHHbIMH

YpaBHeHUs BUAA

v =f(0g) (1.2.1)

nim

P(x)dx+ Q(y)dy =0 (1.2.2)
Ha3bIBAIOTCS YPABHEHUSAMHU C Pa3IeISIOMUMUCS IEPEMEHHBIMU.
Pemum ypaBuenue (1.2.1) B o61iem Buje:
dy

= _ dx ,
g(y) S

j%:jf(x)dﬁc.

Ipumep 1.2.1. [1] Haitaute oOmee penienue nuddepeHnnaIbHOro0 ypaB-

HEHUA y/ = —X.
X
Pemrenue.
Tak xax y/ :d_y’ TO
dx
dy_ ¥
dx X

Paznenum nepemenHsie:



dy __dv
yooox
[IpounTerpupyem o06e 4acTH ypaBHEHUS
IQ _ (&
yootx
In|y==In|x|+InC,
In|y|= lni.
| x|
[IponoTeHuupyem 0o6e 4acTu paBEHCTBA:
y=—
X
OT0 U ecTh 0011Iee perIeHre JAHHOTO YpaBHEHUSI.
Ipumep 1.2.2. [1] Haitaute oOmee penienue nuddepeHnnaIbHOrO ypaB-

3

nennst y' = x?y?. OtBer: y=— T
C+x

Ipumep 1.2.3. [2] Haitaute oOmmit wuHTerpan auddepeHnnanTbHOro
ypaBHeHHs 2x + 2xy° +4/2 —x?y’ =0 u samummute otser B Buge C = @(x,y). OT-
BerT: C=2+/2—x* —arctg y.

Ilpumep 1.2.4. [2] Haitaute o0 wuHTerpan auddepeHnnanTbHOro
ypaBHenuss  20xdx —3ydy =3x’ydy —5xy*dx W 3anummTe OTBET B  BHIC

(x2 + 1)5

C=0¢(x,y). OrBeT: C = .
@(x,) O 14y

1.3 OnHopoaHbie ypaBHEHHSI OTHOCUTEJIBHO X, )

YpaBHeHUs BUAA

y :F(Xj (1.3.1)

X

Ha3bIBAIOTCA OAHOPOAHBIMHA YPAaBHCHHUAMHN OTHOCUTCIIBHO X, ).



Ot YPAaBHCHH:A CBOOATCA K YPABHCHHAM C PA3ACIIAIOIMMMUACA IICPCMCHHBIMHA

MOJACTaHOBKOM Y t(x):
X

y=ix, y/ :t/x+t,

!'x+t=F(),
dt _@
Fit)-t x
2
Hpumep 1.3.1. [1] Haiiaute pemenne 3anaun Komwm: y/ :X+y—2,
X X
y=2.
Pemrenue.

3aMeTI/IM, 4TO JAHHOC YPAaBHCHUC MMCCT BUI y/ = F(Xj, 4a, 3Ha4YuT, SABJISA-
X

€TCsl OJTHOPOJHBIM OTHOCHUTEIIHHO X, . BBelieM HOBYIO (hyHKITHIO #(X) = z
X

y=ix, y/ :t/x+t,

t'x+t=t+¢>,

1
- =In|x[+C,

— X o n|x|+C,
y

_ — X
Y Tin|x[+C

BOCHOJIB?)YCMCSI Ha4daJIbHbIM YCIIOBHUCM:



C=—,

2

- X
Y= )
——+In|x]|

2

. 2x

4 1-In(x?)

MBI HalJIM 4acTHOE pPEeUICHUC TAHHOT'O YPAaBHCHHUA, KOTOPOC ABJIACTCA pC-

MCHUCM 3aJadu Kommn.

Ipumep 1.3.2. [2] Haitaute oOmmit wuHTerpan auddepeHnnanTbHOro

ypaBHeHHS x)' =44/2x% + y? + y. O1Betr: y ++4/2x° + y? =Cx’.
Ipumep 1.3.3. [2] Haitaute oOmmit wuHTerpan auddepeHnnanTbHOro

x4+ 2xy—5y°

ypaBHeHHS ' = . OtBeT: 2arctgz —3In(x* + y*)+In|Cx’ |=0.
X

2x% — 6xy

1.4 YpaBHeHus1, CBOAAIUECS K OJTHOPOAHBIM

PaccmoTpum ypaBHEHUE BHIA

y=F ax +by+c (14.1)
a,x+b,y+c,

Caywuaii 1. Ilycts a, =b, =0, ¢, =1. Torna ypaBuenue (1.4.1) npumer Bux

/

y' =F(ax+by+c¢). Crnemaem sameny u(x)=ax+by+c. Torma u' =a+by,

/ /
, U —a u —a

YTy T

C pasaensronuMucs nepeMeHHbiMu. Pemast ero, Haxoqum @(x,u,C) =0, u, yuu-

=F(u), u' =a+bF(u). Jlerko mokasatk, 4T0 3TO ypaBHEHHUE

ThIBas, YTO U =ax + by + ¢, nmosy4aeM oOIIMA MHTErpajl MEepBOHAYATIBLHOTO JU(-

dbepennmanbHoro ypapaenus O(x,ax +by +c¢,C)=0.

Cnyuaii 2. Paccmotpum Ttenepb ypaBHenue (1.4.1) npu ycinoBuu ﬂ:[[j—l.
a, D,
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OO0o3Hauas 3T OTHOLIEHMs OYKBOHU A, mosyuuM a, = Aa,, b, = Ab,. B atom ciy-
yae ypaBHeHue (1.4.1) MmoxkeT OBbITH epenucano B BUIE

Ma,x+b,y) + ¢
a,x+b,y+c,

y =F

BunHo, 4To mpaBas 4acTh 3aBUCUT TOJBKO OT JIMHEWHOTO BBIPAKEHUS
a,x + b,y . CinenoBaTenbHO, CENaB 3aMEHY, KaK U B IIEPBOM cillydae U =a,x+b,y,
MBI CMOKE€M CBECTH ATO ypaBHEHHE K YPaBHEHHIO C Pa3JICSIONIUMUCS TEPEMEH-

HBIMH.
. a, b
Cnyuaii 3. Paccmotpum Teneph ypaBHenue (1.4.1) mpu ycinoBum — # —.
a, b,
BBenem HOBbIE IEPEMEHHBIE U U V, CBSI3aHHBIE C X U ) COOTHOUIEHUSIMU
X=u+Xx,

y:V"‘yo’

rape x, U y, IOKa HCU3BCCTHHIC IIOCTOSHHBIC.

d
dxzdu,dyzdv,yiz—vzvi.
du
Q:F au+byv+(ax,+by,+c) ‘
du au +byv+(a,x, +b,y, +¢c,)

HOII6CpCM TCHEPb X, U ), TaK, YTOOBI BBIPpAKCHHA, CTOAINUC B KPYIJIBIX

CKOOKaX, paBHSUINCH HYJIIO:
axy +by,+c, =0
a,x, +b,y,+c, =0
OTa cucrteMa UMeEeT €IMHCTBEHHOE PEIICHHUE, TaK KaK OMPEACIUTENIh CUCTE-
MBI HE PaBEH HYIIO:
a b
a, 2

HpI/I TaKOM BBI60pC Xy U Vo YPAaBHCHHC CTAHCT OJHOPOAHBIM OTHOCHUTCIIBHO

unv.
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a,u + by
V/:F 1 1
a,u + b,v

v

VL/,:F u
y

u

Pemas ero u MNOACTAaBJIAA B IIOJYUCHHOC PCUHICHUC BMCCTO U BBIPAKCHHC

X —X,, BMECTO V BBIPDA)KEHHE ) — ),, HOIY4MM OOIIMH HHTErpal ypaBHEHUS

(1.4.1).
Ipumep 1.4.1. [1] Haitaute oOmiee penienue nuddepeHnnaIbHOr0 ypaB-
2
HeHHsT ) —3( —£j3 +l
y y 5 5
Pemennue.

3aMeTHM, 4TO JaHHOE ypaBHEeHHEe mMmeeT Bun ' = F(ax +by +c¢) (cnydaii

1). Cnenaem 3ameHy y—gzu. Torma ' —Ezu/.

J.u_gdu = 3J.dx ,

3u =3x+3C,

X 3
-—=(x+0),
y=3 ( )

y=(x+C)3+§.

Ilpumep 1.4.2. [1] Haitaute oOmmuit wuHTerpan auddepeHnnanTbHOro

4x+2y+1

ypaBHeHHs )’ =
2x+y

Pemenue.

ax +by+c J pi-

3aMeTHM, UTO JAHHOE ypaBHEHHE uMeeT Bug y' = F
a,x+b,y+c,

12



b
qemr A= (crywaii 2). Cremaem 3ameny 2x + y=u. Torma 2+’ =u’.

a, b
u/ _ 2 _ 2I/l + 1 ’
u
I udu _ Idx ’
4u +1
1 1
—u——Inldu+l|=x+C,
16
S ST SN e
2 4 16
Ilpumep 1.4.3. [1] Haiiaute oOmmit wuHTerpan auddepeHnnanTbHOro
; x+y+1
ypaBHEHUS )y =————.
x—y+3
Pewenue.

ax +by+c J pi-

3aMeTHM, YTO JAHHOE ypaBHEHHE uMeeT Bug y' = F
a,x+b,y+c,

a b . X=u+x .
yem — #— (ciyuait 3). IIpoBenem 3ameny , TIe Xx,, ¥, HallneM Kak

a, b, y=v+y
pELIEHNE CUCTEMBI
Xg+ Y, +1=0
Xg— Vo +3=0
ITonygaewm:
Yo =1 ’
X=u-2
y=v+1’
v =y,
+
V/ _ u-ry ’
u—v
1+
v =—H,
.
u

v
—=tu), v=tu, v =z‘/u+z‘,
u

13



1+1¢

fu+t=—,

-1t
[A=ndr_pdu
1+ u’

1
arctgt — Eln(l +1*)=In|Cul|,

2
v v
arctg— = In|Cu, |1 + —|,
u u
v
arctg— = In|Cvu® +v*|,
u

e x+2—C\/(x+2) (-1,

Ilpumep 1.4.4. [2] Haitaute oOmmit wuHTerpan auddepeHnanTbHOro

ypaBHEHHS )’ :M. OTsBert: 7(x—_1)=1n |1 C(x—y)].
8x—y—-7 xX—y

Ilpumep 1.4.5. [2] Haitaute oOmmii wuHTerpan auddepeHnnanTbHOro

ypaBHeHHs )’ = _r+2 . OtBer: 3
2x+y—-4 (y+2)

x+y-1_

1.5 JIuHeiiHble ypaBHEHUSA NEPBOro MOPSIAKA

JInHEeNHBIM Ha3bIBACTCS YPaBHCHHC, KOTOPOC MOKHO IIPUBCCTU K BUAY

y + P(x)y=0(x). (1.5.1)

DTO ypaBHEHHUE HA3bIBACTCS JINHEWHBIM, TaK KaK OHO SIBJIAETCS YpaBHEHUEM
TepBOii CTEMEHN OTHOCHTEIHHO HEM3BECTHOH (YHKIMH y U e MPOM3BOIHOH )’ .
Ecnu B nuHeitHOM ypaBHeHUU mpaBas yacTh (J(x) HE paBHa HYJIO, TO ypaBHEHUE

Ha3bIBACTCS TUHEWUHBIM HEOTHOPOAHBIM, ecii O(x) =0 — TUHEHHBIM OJTHOPOIHBIM
(He cileyeT myTaTh ypaBHeHus y = F (lj 1 y + P(x)y=0.) Ecau B HEOxHO-
X

POJIHOM ypaBHEHUH 3aMeHUTh (J(X) HyJleM, TO MbI IOJYYUM OJHOPOIAHOE ypaBHE-

HHC, COOTBCTCTBYIOIICC TAHHOMY HCOAHOPOJIHOMY. JIunenHoe OOIHOPOAHOC YypaB-
14



nenne y' + P(x)y =0 sBIseTCS ypaBHEHHEM C Pa3/IC/ISIOMIMICS TePEMEHHBIMH.

@ =—P(x)dx,
y

In|y=—[P(x)dx+C,

y= Ce—jP(x)dx

Teopema 1.5.1.  JIuneiinoe HeogHOpOAHOE ypaBHEHHE ) + P(x)y = O(x)

CBOOUTCA K YPABHCHHUIO C PA3ACIIAIOMMMUCA IICPCMCHHBIMHU C ITIOMOIIBIO ITOACTA-

HOBKH y =z -@(X), IJe z — HOBas Heu3BecTHas GyHKIMA, a @(Xx) — 9aCTHOE pellie-

HUC OI[HOpOI[HOFO ypaBHCHI/ISI, OTJIIMYHOC OT Hy.]]ﬂ.
v =2'p(x)+ 29 (x)
Zo(x) + z(p (x) + P(x)o(x))= 0(x)

Z'p(x)=0(x)
z= IQ(X) dx+C
@(x)

y=¢uﬂ§g}h+6ﬂn

I[aHHaSI TCOpPpCMA NAaCT U MCTOA PCIICHUA HCOAHOPOIHOI'O YPABHCHHUA.

1) Haxonum yacTHoOe peleHrne 0JHOPOIHOTO ypaBHeHUs @(x) # 0.
2) IlpoBoaMM MOJACTAHOBKY Y =z - (@(X) W HAXOIUM Z.

3) BosBpaiaemcs k CTapoil MepeMeHHON U HAXOIUM ).

Kpome Toro, kak OyaeT mokazaHo jajee, o0liee pelieHrue HeOIHOPOIHOTO
ypaBHEHHUS MOXHO HAWTH KaK CyMMY OOIIEro perieHus OJHOPOIHOIO YPaBHEHUS
Y YaCTHOTO PELICHUS HEOAHOPOAHOrO. 1103TOMY MOKHO NPUBECTH HEMHOTO UHYIO
CXEMY pPEUICHUS HEOJHOPOJHOTO YpPAaBHEHHMS, HA3bIBAEMYIO METOIAOM BapHallMU
MPOU3BOJILHOW TTOCTOSHHOM.

1) Haxoaum obiee perieHue oqHOpoaHOTo ypaBHeHUus y = C - @(x).

2) Nmem dacTHOE peIIeHHEe HEOJHOPOJHOTO YpPaBHEHUS B  BHJE

15



y=Cx)-o(x).
3) Haxonum oOrree pelieHue HEOJHOPOITHOTO ypaBHEHHS
y=C-p(x)+C(x) - p(x).

Ipumep 1.5.1. [1] HaiiauTe oOiiee penieHre HEOTHOPOJIHOTO YpaBHEHUS

y —xy=x".

Pemenue.

1) CocTtaBuM OJHOPOJHOE YpaBHEHUE U HailieM ero oOliee pelieHue:

y/ —-xy=0,
‘[Q:J.xdx,
y
2
In|yl=—+1InC,
| ] 5
y=Ce7.

2) BYJICM HCKAThb YaCTHOC PCHICHUC HCOAHOPOAHOI'O YPABHCHHA B BUC!

2
X

y= C(x)e7 :

2
X

X
y'=Cle? +Cxe?.

]

HOIICTaBI/IM O9TH (I)YHKI_II/II/I B IICPBOHAYAIIBHOC YPABHCHHC!

2 2 2
X

=

X
Y b o3
Ce? +Cxe? —Cxe? =x",
2
X
/53
Ce? =x,

2
X

dC = x3e_7dx,
Jac=]|

2
X

C=—(x"+2)e 2.

MBI BBIUHCININ HUHTCTpAJ, IPpUMCHUB IMOCJICAOBATCIIBHO METOA 3aMCHBI IIC-

2
o X
PEMCHHOU (f = —7) 1 MCTO MHTCIPUPOBAHUA 110 HACTAM.
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2 2
X

X
, XX
y=—(x"+2)e % -e?,
2
y=—x"-=2.
MBI HaIUTK 9acTHOE PeIleHre HEOJHOPOTHOTO YPaBHEHHSI.
3) Haiinem oO1iee pereHne HEOJHOPOTHOTO YPaBHEHHS KaK CyMMY OOIIETO
peIIeHUsT OTHOPOJIHOTO YPaBHEHUS M YACTHOT'O PEIICHHUsI HEOTHOPOIHOTO:

2
X

y= Ce? —x*-2.
IIpumep 1.5.2. [2] Haitaute pelieHue 3a7a4u Kommn:

y' —ycosx =sin2x, y(0)=—1. OtBer: y =™ —2(sinx +1).

Hpumep 1.5.3. [2] Haiigute pemenne 3agaun  Komwm: y/ — % = _x_z ,
1
y(1)=1. OtBet: y=—. [IpoMexyTouHsbIil pe3yabTaT: y =Cx + —.
X X
1.6 YpaBuenust bepunynan
YpaBHeHUs BUAA
'+ P(x)y=0(x))", (1.6.1)

rae P(x) u Q(x) naHHble HeNpephIBHbIE GYHKIUU OT X (MM B YACTHOM CiIy4yae
MOCTOSIHHBIE ), Ha3bIBAIOTCS ypaBHEHUAMH bepHymiu. bynem pemats 3T0 ypaBHe-
HUe, ToJyiaras, 4To ¢ — MPOU3BOJBHOE JEHCTBUTEIbHOE YHCcIo, mpuueM o #0 (B
MPOTUBHOM CJIydae ypaBHEHHUE SIBISICTCS JUHEHHBIM) U ¢ #1 (B MPOTHUBHOM CIly-
yae ypaBHEHUE SIBIIICTCS YpaBHEHUEM C pa3JesIolMMUcA nepeMeHHbIMu). [lo-

KaXXEM, 4TO 3aMEHOM MMEPEMCHHOI'O €Iro MOKHO CBCCTHU K HHHCﬁHOMy.

¥+ P(x)y =0(x)y”
/

X Py = 0(x)

y

17



/ /
u=)*“,u/=(1—alyﬂ}/ai%*zlﬁa

/
u

+ P =0(x)

Pemas sTo YpPaBHCHHC, HAXOIUM U KaK (1)YHK]_II/IIO OoT X. 3aTCM, YUUTHIBAA,

1
1- o o
qro u =y °, y=u'"%, HaliJleM HEU3BECTHYIO ()YHKIIUIO .

Ipumep 1.6.1. [1] Haiiaute oOmiee pemienue nuddepeHnInaIbHOr0 ypaB-
HeHus xy' + 6y = 2x2\/;.

Pemenue.

1
Hame ypaBHeHue sIBIs€TCS ypaBHEHUEM bepHyIum, rue o =E. Pazngenum

00€ YacTH ypaBHEHUS Ha /) :

/
xy—+6\/;=2x2.
y
1 /

N
/ l Y

Cnenaem 3aMeHy U = \/;, TOTA U = 5 y_Ey/ , ——==2u’.

Vy

/ 2
2xu +6u=2x",
u
u +3—=x.
X
[TonmyueHHOE TUHEWHOE HEOTHOPOIHOE YPaBHEHHUE TIEPBOTO MOPSIKA PEIIUM
METOJIOM BapHallu¥ MPOU3BOJILHON TOCTOSIHHOM.

1) CocTaBuM OAHOPOJHOE ypaBHEHUE U HAlIEM ero olliee pelieHue.

u' +3%=0,
X
@:_3‘[@’
u X

In|u|=-3In|x|+InC,



2) BYIICM HUCKATb YaCTHOC PCHICHUC HCOAHOPOIHOTO YPABHCHUA B BUC:

C(x)
x3 ‘
, C'x¥’=3x*C

6
X

u

[ToacTaBuM 3T GYHKIIMHU B TUHEHHOE HEOJHOPOIHOE YPABHEHUE:

C'x®-3x*C 3C
+

3
X6 X X

:x)

|
=

Bo3BpamaemMcs k cTrapoil TepeMEeHHOM:
2

C
\/;:Fer_’

5

C x* ?
= —+—1.

IIpumep 1.6.2. [2] Haitaute pelieHue
1

/cosx

2 4.
y/—ytgx=—§y4smx, y(0)=1. OtBer: y=

1 3 1
TaThI: —3:C-cos X +COSX, — =COSX.

y

3aJlauu Kommu:

. [IpomexyTouHbIE PE3YIIb-

Ipumep 1.6.3. [2] Haiinute pemenue 3agaun Komu: xy/ + y:xy2 ,

1

1
y(1)=1. OtBeT: y =———. [IpomMexyTouHbIif pe3ynbTar: — = Cx — xIn | x]|.

x—xln|x]|
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1.7 YpaBHeHnusi B moJIHBIX AU PepeHnnaiax

Paccmotpum ypaBHEHHE BHIA
M (x,y)dx+ N(x,y)dy =0, (1.7.1)

rne M(x,y) u N(x,y) — HenpepbiBHble pyHkiuu. Ecnu Beipaxkenue Mdx + Ndy

ABJIAETCS TMOJHBIM AU EepeHnaIoM HEKOTOpol (YHKIMH JBYX MEPEMEHHBIX

u(x,y), To ypaBuenue (1.7.1) Ha3pIBaeTCs ypaBHEHHEM B MOJIHBIX AU depeHIua-

JIax. I/I3BCCTHO, qTo HCO6XOI[I/IMBIM N JOCTATOYHBIM YCJIIOBUCM TOT'O, YTO BbIPAXKC-

Hue Mdx + Ndy ectb nonubll quddepennnan, sBIseTCS BHINOJIHEHUE PABEHCTBA

oM ON
=—— Ecam 310 YCJIIOBUC BBIIIOJIHECHO, TO MblI MOKEM C IMOMOIIBIO KPUBOJIN-

@ ox

HEWHOro HHTerpaja HauTu ¢yHKIU0O u(x,y) W 3anucarh YpaBHCHUE B BHUJIC

du(x,y)=0, rorna u(x,y)=C. 310 u ecTb 001mMil uHTErpan ypasuenus (1.7.1)
Ipumep 1.7.1. [1] Haiiaute oOmmit wuHTerpan auddepeHnnanTbHOro

ypaBHeHust 2xy dx + (3x%y* —=2)dy =0.

Pemennue.
oM , ON
oy ox
(x.y)
u(x,y)= j2xy3dx +(B3x*y* = 2)dy =
(0,0)

X y
=J.(2x-03a’x+(3sz2 —2)-O-a’x)+J.(3x2y2 ~Ddy=x"y’ =2y,
0 0

x*y’ =2y=C.

B mnpornecce BbrunciieHus wHTErpana Obul BbIOpaH MyTh UHTErPUPOBAHUS,

yKa3aHHbIN Ha pucyHke 1.7.1.
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Y
(x.y)

00 X
Pucynok 1.7.1 — [1yTe nHTErpHUpOBaHUS
1.8 UnTerpupyrommui MHOKHTEIb

Janexo He Bcsikoe ypaBHeHue Buaa (1.7.1) aBnsgercs ypaBHEHUEM B MOJTHBIX
muddepennmanax. OnHako, 1y BCsakoro ypaBHeHus (1.7.1) Takoro, 4yto GyHKIIUN
M u N nuddepeHmpyeMbl B paccMaTpuBaeMoOi 001aCTH, CYIIECTBYET (DYHKIUS
U(x,y), TOKIECTBEHHO HE paBHAs HYJIO, MOCJE YMHOXEHHUS Ha KOTOPYIO BCEX
yieHoB ypaBHeHus (1.7.1) neBas 4acTh CTAaHOBUTCS MOJHBIM U] hepeHIIHaIOM.
Ota pyHkuust (x,y) Ha3bIBACTCS MUHTETPUPYIOUIUM MHOXHUTENeM. Beskoe ypas-
Henue (1.7.1) npu ycnouu nuddepenunpyemoctu GyHkuuidt M u N umeer UHTer-
PUPYIOIIUH MHOXHUTEIb, OJHAKO HE BCETIa 3TOT MHOKHUTEb YAACTCs MPAKTHUECKU
HaiitTu. Ecnu ke MHTEerpupylomuid MHOXHUTENIb HaWeH, TO JaHHOE ypaBHEHUE
MIPUBOJUTCA K YPAaBHEHUIO B MOJHBIX AU epeHnanax.

Ha npaxkTuke OOBIYHO MINYT UHTETPUPYIOMIUA MHOXKHUTENb L, 3aBUCAIIAN
TOJIBKO OT X WJIM TOJBKO OT y (Kakoil U3 3THX JBYX BapHaHTOB BLIOMpAThH — pellia-
€TCs TOJI00POM).

Ilpumep 1.8.1. [1] Haiiaute oOmmit wuHTerpan auddepeHnnanTbHOro

ypasuenus (1—x*y)dx+ (x*y —x>)dy=0.

Pemenue.

%:_xz ¢8—N=2xy—3x2.
oy ox
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Havimem u(x).
p(x) (1= x*y)dx + p(x)(x*y —x*)dy =0,

o @02 )= £ uey )

p(x)(=x?) = p' (x)(x*y = x°) + p(x)(2xy - 3x%),
p (0)x* (v —x) = p(x) - 2x(x - ),

' (xX)x =—2pu(x),
dp _2dx
uoox
In|g|=—2In|x|+In|C]|,

u(x)=£2,

=

1
pu(x)=—,
X

(Lz—yjdx+(y—x)dy:0,
X

(x,y)

me=j(%—@w+@—m@=

(1,0)

tdx T 1" y? 1 y?
=I—2+I(y—x)dy=—— +——xy=—-+"——xy+1,
LX) xl, 2 x 2
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1.9 Hexoropsle 3agaun, npuBoasiime K AuddepeHnuajabHbIM

YPaBHEHU M

3ajgaya o pacnaje paaus

CxopocTh pacnaza paaus NpOINOPIMOHAIBHA KOJIMYECTBY HEpaCIaBIIETOCs
pamus. Ilycts xK03dUIMEHT MPONMOPLUMOHAIIBHOCTH k W3BeCTeH. Tpedyercs y3-
HaTh, KAKOE KOJIMYECTBO HEPACIABIIIETOCS Paiis OCTAHETCS K MOMEHTY BPEMEHH £,
€CJIM B HayaJbHBIN MOMEHT BpeMeHH ¢ =0 paaus ObUI0 A.

Pemennue.

O0603HauYMM KOJIMUECTBO HEPACIABIIETOCS pajiisi B MOMEHT BPEMEHHU  3a ).
3agayva 3aKIr04YaeTCs B TOM, YTOOBI HAUTH y Kak PyHKIHIO OT {. CKOPOCTh N3MEHEe-

HMS KaKOH-I1100 BEJIUYHHBI €CTh IMpoOU3BOAHAA OT ATOM BEJIMUMHEI 110 BpPCMCHU.

dy_
dr ky

3Hak «MHHYC» IOABWICA IMOTOMY, YTO KOJIHYCCTBO paauia CO BPCMCHCM

d
YMCHBIIACTCS, TO CCTh ?y <0 , TOrga, Kak k MBI cCUMTaeM MOJOKUTEIBHBIM.
t

LU

Yy
In|y|=—kt +C

y=Ce™
W0)=d, C=4

y=Ade™

3agaya ¢ KacaTebHOM

Hailinute ypaBHEeHUE KpUBOIA, KOTOpas MPOXOIUT uepe3 Touky (2;3) u obia-
JaeT TeM CBOMCTBOM, YTO OTPE30K JF000H ee KacaTelbHOM, 3aKIIFOUEHHBIA MEXKIY
KOOPAMHATHBIMH OCSIMH, ICTTUTCS TTOTI0JIaM B TOUKE KacaHWUsI.

Pewenue.

Paccmotpum pucynok 1.9.1.
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flw=y ===
X
& _ &
b% X
C
y=-
X
6
y==
X

Y

Pucynok 1.9.1 —3agaya c xacatenbHOU
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I'IABA 2 JUOPPEPEHIINAJIBHBIE YPABHEHUSA
BBICIHIUX ITOPAIKOB

2.1 OcHoBHble ompeneneHus. Teopema cymecrBoBanusi. HavyanbHbie

YCJIOBUA

CooTHOLIEHUE, CBA3BIBAIOLICE HE3aBUCUMYIO IEPEMEHHYIO, HEU3BECTHYIO
(GYHKUHMIO U €€ MPOU3BOJHBIE 10 /1-T'O MOPsAKA BKIIOUYUTEIBHO, Ha3bIBaCTCS AUQ-
(bepeHIMaNbHBIM YpaBHEHUEM n-T0 mopsaka. O0muid Bua auddepeHIuaibHOro

YPAaBHCHHU: n-TI'0 ITIOPAAKA TAKOB:

F,y,y,y" ..., y™)=0. (2.1.1)

Besikas ¢dynkums y = @(x), Koropas, Oyay4d MOJACTaBlI€Ha B ypaBHEHUE

(2.1.1), oOpamiaer ero B TOXKJIECTBO, Ha3bIBACTCS PEIICHHEM 3TOT0 ypaBHEHUS, a
rpaduk GyHKIHH Y = @(X) — UHTETPaJIbHON KPHUBOM.

Eciu nuddepennmnansioe ypaaenue (2.1.1) umeer peuieHusi, To 3TUX pe-
IeHU uMeeTcss 0eCKOHEYHO MHOTO. /[ Toro, yToOBl U3 CeMeicTBa BCeX pellie-
HUN BBIACIHUTH OJHO OIpPEICICHHOE, Hal0 3aJaTh HEKOTOPHIC JOMOJHUTEIbHBIC
yCJIOBHSI, HajlaraéMble Ha MCKOMOE pelIeHHEe. DTH YCIOBUS HA3bIBAIOTCS Hayajlb-
HbiMU. Kak MbI 3HaeM, B ciiydae qudepeHuaibHoro YpaBHEHUS TIEPBOTO MOPSII-
Ka Ha4aJIbHOE YCJIOBHE CTABUTCS TaK: HAUTH TO PEILICHHE YpaBHEHUS, KOTOPOE MpHU

X =X, IpUHUMAET 3HaueHue y,. g ypaBHEHMH BTOpOro u 0ojiee BBICOKHX IO-
PAIKOB 3TOrO YCIOBHUS YK€ HETOCTaTOYHO.
BooOie, nist ciiydast ypaBHEHUSI n-ro NOpsiiKa cleAyeT 3aJaTh /7 Hadallb-
HBIX YCJIOBUU:
Y(x0) = o5 ¥ (50) = ¥gs o ¥ () = 2" (2.1.2)
Paccmorpum auddepennnanbHoe ypaBHEHUE, Pa3pellieHHOE OTHOCUTEIbHO

CTaplIey MPOU3BOIHOM:

Y = f(x .y sy ). (2.1.3)
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Teopema 2.1 (Komm). [Ipu nocraTouHo oOuuX YCIOBHUSX CYIIECTBYET U
MPUTOM €IMHCTBEHHOE pelleHue ypaBHeHus (2.1.3), unu Oosiee CTporo: eciu
dynxups (n + 1) -ro nepemensoro £ (x,y,y’,...,y" V) u ee yacTHbIe MPOM3BOIHBIC

(n=1)

TIepBOTo TOPAAKA 10 Y, V', ..., ¥ HETPEPBIBHBI IIPU BCEX X, OIU3KUX K X, U
-1
BCEX 3HAUCHMAX y, V', ..., ¥ GIM3KHX COOTBETCTBEHHO K UHCIIAM Vo y(/), e
-1
y(()” ), TO CylIecTBYeT M NPHTOM €IMHCTBEHHOE peulenue ypasHeHus (2.1.3),

yIOBJICTBOPSIOIIEE HaYaIbHBIM yCIoBuUsIM (2.1.2).

Pemenue y=¢@(x), KoTOpoe AJig BCEX 3HAUYEHUN X U3 HEKOTOPOH 00JIacTu

yJIOBJIETBOPSICT HAYAJIbHBIM YCJIOBHSAM, Ha3bIBACTCS YaCTHBIM PEIICHUEM ypaBHE-
Hus1. COBOKYITHOCTh BCEX YaCTHBIX PENICHUH JaHHOTO MU PEepeHIIMATBHOTO ypaB-
HEHMsI Ha3bIBaETCs OOIIMM pelIeHrueM 3Toro ypaBHeHus. Oomiee pemenue nudde-
PEHITHAIBHOTO YPaBHEHUS /1-TO TIOPsIKa OOBIYHO 3alUCHIBACTCS B BUJE (YHKIUH,
coleprKallel 7 Ipou3BoJIbHBIX noctosHubX C, C,, ..., C, .

Jliist Toro, 4TOOBI M3 OOIIEro PEIICHHs BBIICIUTH TOT WJIM WHOE YacTHOE,
HAJ0 3aJaTh HAYaJbHBIC YCJIIOBHS W, UCIIONB3Yys WX, HAUTH 3HAYCHUS MPOU3BOJIb-
HBIX MIOCTOSTHHBIX. /{7151 ypaBHEHHS n-TO MOPSAKA 3a1at0T 7 HAYaJIBHBIX YCIIOBUH, C
MTOMOIIBI0 KOTOPBIX COCTABIISIOTCS 7 YPaBHEHUH C 7 HEM3BECTHBIMU. Pemmas cuc-
TEMY 3THX YPaBHCHHM, HAXOIST BCE MPOU3BOJIbHBIC TTOCTOSTHHBIC.

Ecnu obmiee nian yacTHOEe penieHMs 3aiaHbl (popMmynoi, He pa3peleHHON

OTHOCHUTCIIBHO ), TO Mbl HA30BCM 3Ty q)OpMy.]]y O6H_[I/IM NI YaCTHBIM MHTCTPAJIOM.

2.2 YpaBHeHUs, JOIyCKAKOIINE OHWKEHUE MOPAAKA

1. Paccmompum ypasnenue euda y" = f(x).

Pemenne storo YpPaBHCHUA CBOAUTCA K IMOCIICOAOBATCIbHOMY MHTCTPUPOBA-

HHIO €TI0 npaBoﬁ qacCTH. ﬂeﬁCTBHTCHBHO, HUHTCTPUPYH, ITOJTYUUM:

Y =] f(x)dx + .

WnTerpupys eme pa3, Haiinem y" 2
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y ) = IUf(x)dedx +Cx+C,.
[Tocne n-kxpaTHOTO MPUMEHEHHUS 3TOTO Mpoliecca, Hal1eM
y=p(x)+Cx"" +C,x"* +..+C,_x+C,,
rae ¢(x) — pe3ysbTar n-KpaTHOro MHTErpupoBanus GyHKuu f(x).
Mpumep 2.2.1. Haiimute obmee peurenne ypasaeHus ¥’ = cos4x +e>.

Pemenue.
Haiinem oOliee pemieHne ypaBHEHUS, MPOMHTEIPUPOBAB J[Ba pasza €ro mpa-

BYIO YaCTh:
y = I(cos4x + e )a’x ,

1. 1
y' =—sind4x+—e** +C,,
4 2

y= ~[(%sin4x + %ezx + Cljdx,

1 1,
=——cosdx+—e"+Cx+C,.
YT 6 4 A

2. Paccmompum ypasHenue, He codepicaujee 16H0 HeU38eCmuyo yHKYuio,
I (n)y _
mo ecmw ypasneHue suoa F(x,y",y",...,y")=0.
OT0 ypaBHEHHE MOKHO CBECTH K YpaBHEHHIO 00Jiee HU3KOTO MOpSIKa C TO-

MOIIIBIO 3aMEHBI IlepeMeHHoro ¥’ = z(x) . Toraa

y// :Z/, o y(n) :Z(n—l)

b

Y ypaBHCHHE MMPUMET BHU/I;
F(x,z,z,.,z2")=0.
Ot0 ypaBHeHue (n —1)-ro mopsiaka. J[omycTim, MBI HaILJIN €To 001Iee peleHHe:
z=¢(x,C,,C,,....C, ).
A 3HayuT
y/ =o(x,C,C5,...,C, ),
y=[o(x.C.C,,...C, )dx+C,.
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Ipumep 2.2.2. [1] Haitaute

oOrree pelieHue ypaBHEHUS
1
I /2
=—A1+y".
y T y
Pewenue.

B HJAaHHOM YPAaBHCHHUU B SABHOM BHUAC OTCYTCTBYCT ), 3HAUUT IMOHU3UTH I10-

PSIOK YPaBHEHHSI MOXKHO C TTOMOIIBIO TocTaHoBKH V' = z(x), v =2’

;1

' =—A1+2%,
H

e
1+2° H’
In|z+1+ 2z |=%+lnC1,
z+V1+2° =Cleg,
V1+z? :Cleg -z,
2x x

1+2z°=Clef —2C,ze! +2°,

G Uy
2 2C,
y =l o L
2 2€,
X 1 _i
y=H %eH+—e 0+ C,.

1
3. Paccmompum ypaeneHue, He cooepaicaujee 18HO Heu38ecmuyio QyHKyuro,

a makoice HeCKOIbKO ee Nepevlx npoussoonvix. To ecmv paccmompum ypasheHue
8uoa

F(x,y®,y®D ymy=0.

B stoMm ciydae caemaem 3ameny y*) = z(x), npu 3TOM TOPAIOK ypaBHEHHS

MMOHU3UTCS Ha k CAWHMUII.
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I
Mpumep 2.2.3. [1] Haiigute pernenne 3anaun Komm: y” = L, y(1)=0,
R

y' =2,y 1=1.
Pemrenue.

Crenaem 3ameny y' =z(x), y" =z2.

X
%:2‘[@’
z X

In|z|z2In|x|+InC,,

2
z=Cx",
/ 2
Y =Cx",
*
y/:C1x3+C2,

y=C x*+Cx+ C;.

B npotiecce penienust Mbl nepeo6o3Hauniu Kouctautel: C; =—, C; =
y/ = 4C1**x3 +C,,
y"' =12C"x*.
Bocnonb3zyemcss Ha4aIbHBIMU YCIIOBUSIMMU:

C +C,+C;=0

4C7 +C, =2
12¢;" =1
sksk 1
Hrak, C, =E,C2=§,C3=—%.
x5 7
TR

4. Paccmompum ypaeneHue, He coodepoicaujee sIBHO He3A8UCUMYI0O NepeMeH-

HY10, MO eCMb YpagHeHue 8Uod

29



I (n)y _
F(y,y,y ,..,»")=0.
JIns TOHMXKEHHUsI IOpsAJIKAa TAKOI'O0 YPaBHEHUs CIEAYET CHENaThb 3aMEHY
y/ =z(y), cuuTas Ipv 3TOM z HOBOM HEW3BECTHOM (PyHKIIMEH, 3aBUCAIIEH OT Yy,

IIPU 3TOM Yy UTPAET POJIb HOBOW HE3aBUCUMOM nepeMeHHOM. [locne Takoil 3aMeHbl

MbI oyuuM quddepennnansHoe ypaBuenue (n —1)-ro nopsiaka.
PaccmoTrpum nuddepenimanbHoe ypaBHEHUE BTOPOTO MOPsIKa:
I
F(y,y,y7)=0.

d0)_dz_dz dy_ .1,
dc dx dy dx 7

yi=z(y), y' =

[Monyunm nuddepeHmanbHOE YpaBHEHUE TIEPBOTO MOPSIIKA:
F(y,z,z' -2)=0.
Pemmas 3To ypaBHEHHE, HAIEM COOTHOIIIEHUE MEKIY Z H ):
®d(y,z,C))=0,
O(y,y',C))=0.
DT0 ypaBHEHHE IEPBOTO IMOpsaAKa. Pemmas ero, HaXoauM COOTHOIICHUE Me-

KAY Yy 1 X, IPU 3TOM MMOABHUTCA BTOpPAs IMIPOU3BOJIbHAA ITOCTOAHHA.

1
Mpumep 2.2.4. [1] Haiimute pemenue 3agaun Komm: y” = -—» y(2)=1,
y

y'(2)=1.
Pemrenue.

IIpoenem 3ameny y' =z(y), torma y" =z’ -z.



1
y/:i _2+C1‘
Y

BOCHOJIB?)YCMCSI Ha4daJIbHBIMH YCJIOBHAMU !

I'1
1_2+C1 :1,

C, =0,
;1
y =
y
J.ydyzj.dx,
2
y?=x+C2.

BnoBb BOCIIOJIB3YEMCs Ha4aJIbHBIMH YCJIIOBHUAMMU:

2

2+C, = 1—,
2
3
C2 =S _E Py
y=4/2x-3.
IIpumep 2.2.5. [2] Haitgute oOrree pelieHue YpaBHEHUS
// 2x X x
Yy +——y =2x.01Ber: y=—+_+ Carctgx + C,.
x°+1 6 2
IIpumep 2.2.6. [2] Haitnure oOrree pelieHue YpaBHEHUS

(1+x?)y" +2xy' =12x*. OtBer: y=x° —3x+ Cjarctgx + C,.

Hpumep 2.2.7. [2] Haiinute pemenue 3amaun  Komwm: y// _9 y3 ’
1
y(=1)=1, y/(—l) =1.OtBer: y=——.
x

Mpumep 2.2.8. [2] Haiiure pemenne 3amaun  Komm: y”y° +1=0,

y()=-1, y'(1)=-1. OtBer: y=—/2x—1.
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2.3 O0mas Teopus JUHEHHBIX YPABHEHUH

HuddepenunanbHoe ypaBHEHUE n-TO TOPS KA

F(x,y,y/,y//,...,y(”)) =0

Ha3bIBACTCS JTUHEWHBIM, €CJIM BBIPAXKEHUE, CTOAIIEE B JICBOW YACTH, SIBISETCS JIU-
V- y / (n)
HeWHOU QyHKIMEH oT y, V', ..., V'~ ¢ KodhPUIHUEHTaMHU, KOTOPbIE MOTYT OBITh

100 MOCTOSIHHBIMM YKCIaMU, 100 PpyHKIusMu oT x. Clie1oBaTeNbHO, J1000€ JIH-

HeliHoe nuddepeHITnaIbHOE YPaBHECHUE MOYKET OBITh 3aIIMCAHO B BHJIC
(n) (n-1) _
a,y'"’ +ay +...+a,y=>b,
rue a,, a,, ..., d,, b — 160 ¢pyHKIMU OT X, TMOO UKCIa.
B tom cityuae, xorna Bce k03¢ UIMEHTH a,, 4, ..., d, SABISIIOTCS MOCTO-

SHHBIMU YHCJIAMU, YpaBHEHUE HA3bIBAE€TCA YPABHEHHEM C MOCTOSHHBIMU KO3 hu-
UEHTaMU (TPU 3TOM CBOOOJHBIM YIEH MOXKET ObITh MOCTOSHHBIM, @ MOXET 3aBHU-
ceTh OT x). Ecniu B TuHEHOM ypaBHEHUHU CBOOOIHBIN wieH b =0, To ypaBHEHHE
Ha3bIBa€TCsA ypaBHEHHEM Oe€3 MpaBoi 4yacTH Uiu ogHopoAHbIM. Eciin b #0, ypas-
HEHME HA3bIBACTCS YPABHEHUEM C IPABOU YaCThIO UM HEOJAHOPOIHBIM.

Cpenu BCceBO3MOXXHBIX TUIOB JU(DPepeHInanbHbIX YPaBHEHUH 7-TO TIOPS/I-
Ka JIMHEWHBIE YPABHEHUS SBIAIOTCS CaMbIMU IPOCTBIMU. Bmecte ¢ TeM 3TO U ca-
Mble Ba)XKHbIE YPABHEHUS: OHU IIMPOKO MCIIONB3YIOTCS B (PU3MKE, MEXaHUKE, T€X-
HUKE.

PaccmoTpuM HEKOTOpPBIE CBOMCTBA JMHEWHBIX ypaBHEHUW. DTH CBOMCTBA
CIPaBeJIMBbI JJIs1 JTIOOBIX JTMHEHHBIX AU(PepeHlnanbHbIX YPaBHEHHH, HE3aBUCH-
MO OT TOT'O, MMOCTOSIHHBI Y HUX KO3 (ULHMEHTH! WiId HeT. OrpaHU4YUMCs MOKa U3Y-

YCHUEM JIMHCWHBIX YPaBHEHUH BTOPOTO MOPSIKA:
"ray + =b 2.3.1
a,y' +ay +a,y=>b, (2.3.1)

rue a,, a,, d,, b — QyHKIUM OT X WK YuCIa.

Teopema 2.3.1 (O cymecTBOBAHUYM U €IMHCTBEHHOCTH PellleHUS JIMHEM-

Horo nuddgepeHunanbHoro ypapuenusi). Eciu Bce koadduumeHTsl U mnpasas
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4yacThb JIMHEWHOro ypaBHeHHs (2.3.1) HempepbiBHBI B uHTepBaie (A;B), npuyem
k03 unneHT a, He oOpamaercs B Hy/lb HU B OJHOM TOYKE 3TOr0 MHTEPBana, TO,
KaKoBbl Obl HM OBUIM HayalIbHBIE YCJIOBUS B TOYKE X, € (A;B), cymecTtByeT u
TOJIbKO o/Ha (yHKUMS, ompenereHHas B uHTepBajie (A4;B), yaoBieTBopsiomas
naHHoMy AuddepeHnaIbHOMY YPAaBHEHUIO U JAHHBIM HA4aJIbHBIM YCIIOBUSIM.

I[OKa?)aTCJIBCTBO.

VYpaBuenue (2.3.1) MoXeT ObITh IEPETUCAHO B BUJIC

i G G, b (2.3.2)

a a a
Bripaxkenue, crosiiee B MpaBOil YacTH, SBJISCTCS HEMPEPHIBHOW (PyHKIMEH
a a, b

_, =, — — HerepBIBHBI), TaK M OT y U y/ (TaK KakK 3TO
ap 4y 4q

Kak oT x (pyHKIMU

BBIPAKCHUC JIMHEMHO OTHOCHUTEIIBHO yu y/ ) KpOMe TOI'0, 4aCTHBIC ITPOU3BOAHBIC

OT 3TOI'0 BBIPAXKCHMUA 110 ¥y U 110 y/ HCIIPCPBIBHBI (3TI/I YaCTHBIC ITPOU3BOAHBIC paB-

a a
Hbl COOTBETCTBEHHO ——2 U ——-). A 3HauMT, B cuiIy TeopeMbl Kommu BepHa u

a a

0 0

JaHHAs TeopeMa.
Teopema 2.3.2. Ecnu ynkuuu ¢(x) u y(x) sSBIAIOTCS pEUICHUSMHU JU-
HEIHOIr0 ypaBHEHHUs 0€3 MpaBoi 4acTu
"ygy + —0
ay)y tay tay=y,
To QpyHKus C,@(x)+ C,y(x) Takke sBIAETCS PEIICHUEM 3TOrO0 ypaBHEHMs, Ka-
KOBBI Obl HU ObUM uncna C, u C,.

I[OKa3aTeHBCTBO.
y=Co+Cy, y/ = Cl(D/ + Cz'l// ) y// = Cl(D// + Cz'l///-
ao(C1¢// + Cz'l///) + al(C1(0/ + Cz'l//) +a,(Clo+Cy)=0,

Ci(app” + a9’ +a,0) + Cy(agy” +ay’ +ap)=0.

BBIpa)KCHI/ISI, CTOAIIIHNEC B HepBOﬁ n BTOpOﬁ CKO6KaX, PaBHBI HYJIIO, TaK KaK
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byakuun @(x) 1 w(x) SBISIOTCS PEIICHUSIMH JIMHEHHOr0 OAHOPOJHOIO ypaBHE-

HUSL.
Onpenesenune 2.3.1.  Ilapy 4acTHBIX pelICHUN JIMHEHHOTO OJHOPOAHOTO

ypaBHeHus BTOporo nopsiaka f,(x) u f,(x) Ha3pBalOT (pyHIAaMEHTAIBHOMN cUCTe-
Mol perieHuil B uHTepBaiie (A4;B), eclii HU B OJHOM TOUKE 3TOrO MHTEpBasia OI-

PECACIINTCIIb

w_| 100 £
£ f %)
HC 06pa1uaeT05I B HyJIB. OHpeI[eJH/ITeJIB WHaBBIBaeTCSI OHpeI[eJII/ITeHeM BpOHCKOFO

HJIX BPOHCKHUAHOM.

[lycTth nBa pemenus y=@(x) U y =y (x) JMHEHHO 3aBUCUMBbI B UHTEpBaJIE
(A4;B), 10 ectb nnsa Bcex x €(A;B) ap(x)+ Py (x)=0, rae a u f — HEKOTOPHIE
yuclia, HepaBHble HYJIO OJHOBpeMeHHOo. Torma ompexnenutens BpoHckoro s

TUX (QYHKUUN OyAeT TOXIAECTBEHHO paBeH Hymo B (A;B). Ilycts, Hampumep,

a#0. Torma @(x) = —éy/(x) u
o

BepHo 1 o0paTtHOe yTBEpKIEHUE.
Teopema 2.3.3. Ecnu nBa pelnieHuss ypaBHEHUS aoy// + a, ! +a,y=0
JUHEWHO HEe3aBUCHUMBI B uHTEpBajie (A4;B), To oHu 00pa3ytoT QyHIaMEHTAIbHYIO

CUCTEMY PELICHUMN.
JloKa3aTenbCTBO.

[lycts @(x) M y(x) — TUHEHHO HE3aBUCUMBbIE YacTHbIe pemieHus. [Jomyc-
THUM, YTO B KakoW-nubo Touke X, € (4;B) ompenenurens BpoHckoro mis 3tux

IBYX (DYHKIMI paBeH HYIIO:
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o(xg)  w(xp) ~0
o' (x)) v'(xy)

[lonGepem uncna o u B Tak, YTOObI OHU yJIOBIETBOPSIIN CUCTEME

W(x,)=

ap(xy) + By (xy)=0
ap' (x,)+ By’ (x)=0

Yucna a u S MOXKHO 1TOA00paTh TakK, 4YTOOBI XOTSI ObI OJJTHO U3 HUX OBLIO ObI

OTJIMYHO OT HYJIsl, TaK KaK onpenenuTens cucteMsl W (x,)=0. Ilpu Takom BbIOOpe
au [ yakuus f(x)=ae(x)+ By (x) Oyner perieHueM ypaBHEHUS, yIOBJIETBO-

pstromum yciosusM f(x,) =0, f ! (x,)=0.
C npyroii CTOpOHBI SICHO, YTO (DYHKIIHSI, TOXKJICCTBCHHO paBHAs HYIIIO, TaK-
’KE YIOBIETBOPSICT ’TOMY YPaBHECHHUIO U 3TUM HAadaJbHBIM YCIOBHSM. B cmiry Teo-
pembl 2.3.1 3TH 1Ba pelIeHUs TOKISCTBEHHO PaBHBI APYT IPYTY, TO €CTh
f(x)=0,

ap(x)+ Py (x)=0.
Tak kak @ u B HEe paBHBI HYJIO OJHOBPEMEHHO, TO PyHKIUU @(X) U Y (X)

JTUHENHO 3aBUCUMBI B (A4;B). Ilonyunnu npoTuBopeyue ¢ yclioBUeM. 3HAUUT, OTI-

peaenurenb BpoHCKOro He paBeH HYJIO HU B OJIHOM TOYKE, TO €CTh cucTemMa (pyH-
JaMEHTAJIbHA.

Cneocmeue 1. ]Ins GyHIaMEHTAIBHOCTUA CUCTEMBI JIByX YaCTHBIX PEIICHUN
HEO0OXOIUMO U JOCTATOYHO, YTOOBI OHU ObIJIN JIMHEWHO HE3aBUCUMBI.

Cneocmeue 2. Eciu onpenenutenb BpoHCKOro uisi mapel pelieHHil paBeH
HYJIIO XOTsI ObI B OIHOM TOYKE, TO OH TOXKJIECTBEHHO PaBEH HYIIIO.

Teopema 2.3.4. Ecmu ¢ysxuun y= f(x) u y= f,(x) oOpa3yioT B HH-

tepBaie (A4;B) ¢yHIaMEHTaIbHYI0 CHCTEMY YacTHBIX pPEHIeHUH ypaBHEHUs

a, y/ "4 a, y/ +a,y =0, T0o ob11€E pelIeHNE YPAaBHEHHSI UMEET BUJ

y=C fi(x)+C, [, (x), (2.3.3)

rae C; u C, — IpOU3BOJIBHBIEC IIOCTOSHHBIE.

I[OKaSaTeJIBCTBO.
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JlokazaTenbCTBO ATOM TEOPEMBbI COCTOUT U3 JIBYX YacTeH.

1) Hamo nokasatk, uTo Besikast (pyHKIMA, BXoasias B cuctemy (2.3.3) sB-
JII€TCSI PEIICHUEM YpaBHEHUS.

2) Hano yGenuTbesi, 4TO 3TO CEMEMCTBO COAEPKUT BCE YACTHBIE PELICHUS
JTAHHOT'O YPaBHEHUSI.

IlepBas ywacth nokazana B teopeme 2.3.2. OcraeTcsi J0Ka3aTh, YTO BCSIKOE

penieHre @(x) BXOIUT B ceMencTBo (2.3.3).

ITycts x, € (4;B), npudem @(x,) =, o' (xg) =a,. YOeaumcs, 4T0 MOXKHO
BbIOpaTh noctosiHHble C; 1 C, Tak, 4TOOBl YACTHOE pElICHUE, NOIyYarolleecs U3

(233) IIpHU 3TUX 3HAYCHUAX ITOCTOAHHBIX, YAOBJIICTBOPSJIO TCM KC HAYAJIBHBIM YC-

JIOBUSIM, 4TO U QyHKUUA @(X):

Ci/1(x0) + Gy f5(x) = &t
C.fy () + C,fy (%) =0 -
J1(xp) fZ(XO);tO
fl/(xo) fz/(xo)

Tak Kak QyHKkuuu f,(x) u f,(x) oOpa3yoT (yHIaMEHTaIbHYIO CUCTEMY peLlle-

b

W(xy)=

HUN. 3HAUUT, CUCTEMa UMEET €IMHCTBEHHOE pemieHue. [Ipu 3Tux 3HaYeHUAX IMo-
CTOSTHHBIX YaCTHOE PEeIIeHHUE, BXOJsIIee B ceMericTBO (2.3.3), yAOBIETBOPSIET TEM

K€ HavaJbHBIM YCJIIOBHSM, UYTO M pelieHne @(x). B criy TeopemMbl eMHCTBEHHO-
CTH PEIICHUS TMOTYYCHHOE YaCTHOE PelICHUE TOXKISCTBEHHO PaBHO ((X), TO €CTh
p(x)=C,fi(x)+C,f,(x), rne C; u C, —uncina, yJoBIETBOPSIOLIUE CUCTEME.

Wrak, mo0oe Hamepen 3agaHHOE pelieHue @(x) BXOAUT B CEMEUCTBO
y=C,f,(x)+C,f,(x) npu HEKOTOPHIX 3HAUEHUSAX IPOU3BOJIHBIX MOCTOSHHBIX.
Teopema gokazaHa.

Mpumep 2.3.1. [1] Paccmorpum ypasuenue y' —5y’ +6y=0. Iloxcra-
HOBKOM JIeTKO yOeauTbest, uto QyHKIuu f(x)= e u fHr(x)= e>* sBisIoTCS pe-

MCHUAMHU YPABHCHHA. KpOMe TOrOo,
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2
e X e3x

ho2 3 e £0.
e e

W =

CnenoBatenbHo, pyHkuuu f,(x) u f,(x) o0pa3yroT pyHIaMEHTAIBHYIO CUCTEMY
pemenuii. CinemoBaTenbHO, 00IIEe pelICHHE YPaBHEHUS UMEET BH]T

y=Ce™ +Cye™.
PelnM 5T0 ypaBHEHHe ¢ HadanbHbIMI yernosuamu f(0)=1, 1/ (0)=-2.

y' =2Ce™ +3C,e™.
C +C,=1 C =5
2C, +3C,=-2" |C,=—4

y =5 —4e>.
Teopema 2.3.5. Ecmu a,, a,, a, HenpepblBHbI B UHTEpBae (4;B), npu-

yeM a, # 0 Bcrony B (A;B), To ypaBHEHUE aoy// + aly/ +a,y =0 nmeer XoTs OBl
0JIHY (DYHJIaMEHTAIBLHYIO CUCTEMY PEILICHHM.
Jloka3aTeiabCTBO.
PaccmoTpuMm /1Ba 4aCTHBIX PEIICHUS
. _ / —0-
P(x): o(xo) =1, " (x)) =0;

w(x): w(x) =0,y (x)=1; x, €(4;B).
OTU peleHus CyIeCTBYIOT B cuiy Teopemsbl 2.3.1. Onu o6pasytor pyHna-
MCHTaJIbHYK0 CHCTEMBI PCIICHHH, TaK KakK WX OIPeACIUTeb BpOHCKOro

W(x,)#0, a, 3Ha4uT, O CIEACTBUIO U3 TeopeMsl 2.3.3 OH He oOpalaercs B Hylb
HU B OJTHOM TOouke uHTepBana (A4;B).

Teopema 2.3.6. Ecnu pewenus f,(x) u f,(x) obpa3ytoT pyHAaMEeHTaIIb-
HYIO0 CHCTEMY JJII HEKOTOPOT'O JIMHEHHOT'O OJTHOPOJIHOTO YPAaBHEHUS, TO PEIICHUS
;1 =af,(x)+ ff,(x) n ;2 =7f,(x) + &, (x) Taxxke oOpa3yroT (pyHIaMEHTAIbHYIO
CUCTEMY, €CJIU YHcia Q, B, ¥ 1 O TaKOBbI, 4To ad — By #0.

Jloka3aTeabCTBO.

CocraBuM onpenenutens BpoHckoro anst GyHKIUi ), U ), U IOKaXeEM,
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4TO OH OTJIMYCH OT HYJIA.

Yi V2

— o+ B v+
W=, —i|= / / / A
v oy, o+ B o+
AR A AR AN AN
O‘fl/ 7f1/ ﬂfz/ 7f1/ O‘fl/ 5f2/ ﬂfz/ 5f2/
2 1 1 o 2 1 J2
o M S A P
=(065—ﬁ7)j{11/ jj:j/=(065—ﬂ7)W

Omnpenenurens W #0, tak kak pewenus f,(x) u f,(x) obpasywr pyHaa-
MEHTAIIBHYIO CUCTeMY, a ad — By # 0 1o ycnoBuo. 3Ha4nut 1 W # 0, TO eCTh CHC-
TeMa PEIICHHUM ;1 u ;2 — (¢yHIaMCHTAJIbHA.

Teopema 2.3.7. Ecnu u3BecTHO X0Ts OBl OIHO HE oOpalaromneecs B HyJlb
YacTHOE pelleHue ¢(x) ypaBHEHHsS 4, y" +a,y' +a,y=0, To MOXHO HaiiTi BTO-
poe JacTHoe pelreHue v (x) Takoe, uto @(x) u y(x) oOpaszyrT GhyHIaMEHTAIb-
HYIO CUCTEMY PEIICHUH, C TIOMOIIBIO 3aMeHbl Y = z(x) - @(X), T/Ae z — HOBasi HEU3-

BeCTHas (PYHKITHSI.
JloKka3aTenabCTBO.

JleficTBUTENBHO, MTOCIIE 3TOM 3aMEHbl YpaBHEHHUE MTpeo0pa3yeTcs: K BUY
ao(p(x)z// + (Zaoqo/(x) + alqo(x))z/ =0.

IIpoBeneM moacTaHoBKy z' =u(x). Torma
aoqo(x)u/ + (Zaoqo/(x) + alqo(x))t =0.

OT0 ypaBHEHHUE C pa3AessoNMMuUcs nepeMeHHbIMU. Haiinem kakoe-HHOYIb

€TI0 94aCTHOC PCHICHUC, OTIIMYHOC OT HYJIA. 3aTeM, YUUThIBaA, 4YTO Z/

=u(x), Haii-
JeM z, a, 3HAUUT, U3 popmynbl ¥ =z(x) ¢@(x) HaiigeM y. I10 U Oyner QyHKIus
y(x).

HoxaxeMm, uro pyHKIMH @(x) U W (x) obpasyroT GyHIAMEHTAIBHYIO CHC-
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Temy. JIelCTBUTENIBHO, ONPEAEIUTENIb BpOHCKOTO

= ¢ v = (p/ ¢ :gozz/:(pzu

W =
o v o Zo+zo

OTJIMYEH OT HYJIS XOTs Obl B OJTHOM TOUYKE, TaK KaK ¢ He oOpaliaeTcsi B HYJb, a U —
HE TOXKJIECTBCHHBIN HYIIb.

Teopema 2.3.8. Ecnu pynkuus F(x) sBISETCS pelIeHUEM TaHHOTO He-
OJTHOPOJHOTO YpaBHEHUs, a f(X) — pellleHueM COOTBETCTBYIOIIETO OJHOPOJAHOIO
ypaBHeHUs, TO GyHKiusa f(x)+ F(x) sBaseTcs pelieHueM JaHHOTO HEOHOPOJI-
HOTO YpaBHEHUSI.

Teopema 2.3.9. IlycTs naHo NTMHENWHOE ypaBHEHHE a, v+ a, v+ a,y=b>b.
Ecin ¢pynkmuu f(x) u f,(x) o0pa3yroT (pyHIaMEHTaIbHYIO CUCTEMY YaCTHBIX
pelIeHn COOTBETCTBYIOIIETO OJHOPOIHOTO ypaBHeHUs, a F'(x) — Kakoe-1ubo va-

CTHOE PELICHHE JaHHOI'O HEOJHOPOJHOrO YPAaBHEHHUS, TO OOIIee PELICEHUE TOro
HEOJTHOPOJIHOTO YpaBHEHUSI UMEET BUJ

y=Cifilx)+C, fr(x) + F(x),
rae C; u C, — IpOU3BOJIBHBIEC IIOCTOSHHBIE.

To ecmv odwee peuwienue NUHEUHO20 HEOOHOPOOHO20 YyPAGHEHUA HNpeo-
cmaensaenm cofoil cymmy oouiezo peuieHus 00HOPOOHO020 YPAGHEHUA U YACHIHOZ0

peuieHuss He0OHOPOOHO20.

2.4 MeToa Bapuanuu NPOU3BOJbHBIX MOCTOAHHBIX

PaccmoTpum Bompoc 0 TOM, Kak HaWTH XOTs OBl OJTHO YaCTHOE PEIICHHUE He-
OJIHOPOJHOTO ypaBHEHMs, €CJIM HaM M3BeCTHA (pyHIaMeHTanbHas CUCTEMa pelie-
HUW COOTBETCTBYIOIIETO OJHOPOJHOIO YypaBHEHUs. V3I0XEHHBIN aaliee MeToJ
OTBHICKaHUsI YaCTHOI'O DPEIICHUS HA3bIBAETCSA METOJOM BapHallid MPOU3BOJBHBIX
MOCTOSIHHBIX. PaccMoTpum HeoHOpoIHOE ypaBHeHUE (2.4.2) M COOTBETCTBYIOIIEE

€My OJIHOpOJIHOE ypaBHeHHE (2.4.1):

aoy//+a1y/ +a,y=0, (2.4.1)
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aoy// +a1y/ +a,y=>b. (2.4.2)

ITycts pynkumun f(x) u f,(x) o0pa3yroT pyHIaMEHTAIBHYIO CUCTEMY pe-

meHuid ypaBHeHus (2.4.1). byaeM wHckaTh 4YacTHOE peIICHHE HEOTHOPOIHOTO

ypaBHeHus (2.4.2) B Buae
y=z,(X) £, (0) + 2, (%) f,(x), (2.4.3)

rae z,(x) u z,(x) HeusBecTHble PyHKIMU. [ TOro, yT0OBl HANTH 3TU (DYHKLHUH,

HaJ0 UMETh ABa ypaBHeHUs. OTHO W3 HUX MOJIydYaeTcsl U3 yCJIOBUS, 4TO (YHKIUS
(2.4.3) nomkHa yIOBIETBOPATH YpaBHEHUIO (2.4.2). BTopoe ypaBHEHHE MBI MOKEM

3a/1aTh MPOU3BOIBHO. JIarpaHx mpeasiokKuI BEIOPATh 3TO YCIOBUE TaK:
- Iy f 4 /4!
y = fi v itz fs + 20/,
lf 4l f =0
z1 /1 +2,/,=0.
To ectb

-/ / /
y =z ff +2,/5.

—/ Y. // / ol //
y = fi vz fi s vz,

[lonctaBuM NepByIO ¥ BTOPYIO IPOU3BOAHBIE B ypaBHeHHE (2.4.2):

ay(z [ + 2+ 20 fs i) v a@ S 20 f) Fay (2 i+ 205) =b.
['pynnupyeM 4ieHsl, COAEPKALIUE Z, U Z,:

zi(ach +afl +ay )+ 2(a0fy +anfy +ayfo) +ag(z f] + 25 f3) =b.
IlepBast 1 BTOpast CKOOKM OOpalatoTcsl B HyJb, TaK Kak QyHKIUU f, U f,

SBJISIIOTCS pereHussMu ypaBHeHus (2.4.1). Takum oOpa3omM, 4TOObI HAUTH (PYHK-

MU Z, U Z,, HAJI0 PELIUTh CUCTEMY
lr =0
oStz f,=

YRRV
2 fi tzpf; =—

ag

OTa cucrtema HCIIPOTHUBOPCYUYNBA, TdK KadK ABJISACTCA CUCTEMOU aﬂre6pque-
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CKHX ypaBHeHI/Iﬁ HepBOﬁ CTCIICHHN OTHOCHUTCIIBHO Zl/ u Zé , HpUYICM OIIPCACIUTCIICM

CUCTCMBI ABJIACTCA OIIPCACIUTCIIb BpOHCKOFO, KOTOp]’::Iﬁ OTJINYCH OT HYJIAA, TaAK KaK

byHKIMM f; U f, 00pa3yroT QyHAAMEHTAIbHYIO CUCTEMY:

szl/ ]ff/ #0.

Pemas CUCTCMY, HaﬁI[CM HCHU3BCCTHBIC q)yHKI_II/II/I Zl/ n Zé , d, 3HAYUT, U CaMH

GyHKIUU z, U z,:

(. (.
z —Izldx, z, —Izzdx.

IToncraBnsist z; U z, B paBeHCTBO (2.4.3), HalileM YaCTHOE PELLIEHUE YpaB-

HeHus (2.4.2):

y=z(x) f,(x) + z,(x) /5(x).

Ilpumep 2.4.1. [1], [2] Haitgure oO1ree pelieHue YpaBHEHUS

, €CJIM M3BECTHO, YTO (PyHIAMEHTAIBHYIO CUCTEMY PEIICHUIH COOT-
COS X
BETCTBYIOIIETO OJHOPOJHOTO YPaBHEHUS COCTAaBIAIOT (QYHKIHMU ), =COSX,
Yy, =sinx.

Pemenue.

OoO1ee perieHre OAHOPOIHOTO YPAaBHEHUS 3aIlUIIETCS B BUJIE:

y=C,cosx+C,sinx.

Bynem nckath 4acTHOE pelieHre HeOJHOPOIHOTO YPAaBHEHUS B BUIC
y=C,(x)cosx + C,(x)sinx.
C/ cosx + CLsinx =0

1 >

COSX

—C!sinx+Cjcosx =

C/ =—Cltgx

C)sinxtgx + Chcosx =

COS X
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/
I
C; =1
C,=In|cosx|
C,=x
y=C,cosx+C,sinx+cosx-In|cosx|+xsinx.

b

Ilpumep 2.4.2. [2] Haiinute pemenne 3agaun Komm 1 ypaBHEHH

/) 1 V4 () &«
Y+ y=— C HadalbHbIMU ycinoBuamu Yyl — (=1, y'| —|=—. Ortser:
sin x 2 2 2

y=0-cosx+1-sinx+sinx-In|sinx|—-xcosx.
3aMeTHM, YTO OMPEICICHHUS M TEOPEMbI, COPMYIHPOBAHHBIE B JIBYX IIO-

cienHuX naparpadax ais JIMHEWHBIX YpaBHEHUH BTOPOrO MOPsKa, JErko 0000-

IITUTHh Ha JIMHCMHEBIC YpPaBHCHUA IIPOU3BOJIBHOI'O 71-T'0 IIOPsA KA.

2.5 KoMILIeKCHbBIE YHCJIA

PaccMoTpuM ekapToB KBaapat
C=RxR={(a,b)|a,beR}.
bynem cuurarts, uro (a,b)=(c,d)<=>(a=cArb=d).
Beenem Ha MHOecTBe C omeparivyl CIOKEHUS U YMHOKCHHSI CJICITYIONTUM
obOpazom:
(a,b)+(c,d)=(a+c,b+d),
(a,b)-(c,d)=(ac —bd,ad + bc).
MmuosxectBo C ¢ 3aIaHHBIMHU OTIEPAITUSIMU CIIOKCHHSI 1 YMHOKCHHUS Ha3bIBa-
€TCS MHOXKECTBOM KOMIUIEKCHBIX yucen. MHoxecTBo C sBisieTcst mojieM. [Ipoge-
PHUM BBITIOJTHUMOCTH HEKOTOPBIX aKCHOM.

1) Ponp nyneBoro snementa urpaet napa (0,0). JleiictBurensHo, V(a,b)
(0,0) +(a,b) = (a,b) +(0,0) = (a,b).
2) Ponp mpoTHBOMOJIOKHOTO 3JeMEHTa s mnapel (a,b) urpaetr mnapa

(—a,—b). JlelicTBUTEIBHO,
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V(a,b)e C I(—a,~b)eC (a,b)+ (—a,—b)=(-a,—b)+ (a,b)=(0,0).
3) Ponw enunmuHoro snementa urpaet napa (1,0). HetictButensHo, V(a,b)
(1,0)(a,b) =(a,b).
4) V(a,b) #(0,0) I(x,y)eC (a,b)(x,y)=(1,0). deficTBUTEIBHO,

___ b R
{ax‘byﬂ W@t +by=—b |V g
ay+bx=0"|x(a* +b*)=a o 2a R
a” +b

3amMeTuM, 4TO yHnopsiAoueHHYIo napy (a,b) MOXHO TPaKTOBAaTh KaK TOUKY
IJIOCKOCTU € JAEKapTOBBIMH KoOpAUHaTamMu (a,b), unm kak paguyc-Bexkrop (a,b),

I/ICXOJISIH_II/Iﬁ N3 Ha4adjla KOOpAWHAT. B sToM 3akimrouaeTcs FCOMGTpH‘ICCKHﬁ CMBICJI
KOMIIJICKCHOT'O 4YHMCJIa.

Auredpanyeckasi popma 3anucu

Beenem o6o3nauenue: (0,1)=i. Jlerko mokaszath, 4TO i 2 =_1. JleiicTBu-
teasno, i =(0,1)(0,1)=(0-0—-1-1,0-1+1-0)=(~1,0). Yncno i Ha3bIBaeTCA MHU-
Mol enuamIe. Yuciia Buna bi, rae b € R Ha3pIBAIOTCS YHCTO MHUMBIMHU YHCJIa-
Mu. JIro0oe KoMIuiekcHOe YUCio (a,b) MOXKHO MPEJCTABUTH B BUJIE:

(a,b)=(a,0)+(0,b) = (a,0) + (b,0)(0,1) =a + bi.

Oro anrebpandeckas (Gopma 3amrucy KOMIUICKCHOTO YHcia. YKaXeM OCHOB-

HBIC ICUCTBHSI ¢ KOMIUICKCHBIMH YHCJIaMU B aareOpandeckoit popme.
(a+bi)x(c+di)=(axtc)+(bxd)i
(a+bi)-(c+di)=(ac —bd)+ (ad + bc)i

a+bi (a+bi)c—di) (ac+bd)+(bc—ad)i
c+di c?+d? c? +d?

Tpuronomerpuyeckas ¢gopma 3anucu

MopyneM KOMILIEKCHOTO 4YMCila HAa3bIBACTCs JJIMHA paguyca-BEKTOpa, U30-
OpaXkarolero 3TO 4YUCIO0. APryMEHTOM KOMIUIEKCHOI'O YMCJa Ha3bIBAETCS YIoJ
MEXy IOJIOKHUTEIBHON IMOJyOChl0 aOCHUCC U BEKTOPOM, HM300pakaroluM 3TO

YHUCJIO.
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r:m, O<Larga <2n, —mLarga<r.
a=a+bi=rcos@+rsing-i=r(cose +ising)
o =a+bi=r(cose +ising)
B =c+di=p(cosy +isiny)
aff =rpl[(cos@pcosy —sin@siny )+ (cos@siny +sin@cosy )i] =
=rplcos(¢ +y) +isin(¢ +y)]
Ecmu g #0:

a _r cosp+ising _ r (cosg+ising)(cosy —isiny)

ﬁ_pcosy/+isim// D 1

_ %[cos(qo —y)+ism(p —y)]

a" =r"(cosne +isinng) — popmyna Myaspa.

laf [H el B arg(aff) = arga +arg 5
al |af o
E:m argE =arga —arg B
la" |=a|" arg(a”")=narga
Q/E:{/r(cosgoﬂ’sin(p) :W(cosw+isin¢+2ﬁk} k=0,n—-1.
n n

Iloxa3aTenbHast ¢popMa 3anUCH

a =re'” =r(cose + isin @)
Ipumep 2.5.1. HaiifuTe KOpHE KBagpaTHOTrO ypaBHEHHs x° —8x +41=0.
Pewenue.

D=(-8)*>-4-1-41=-100,

8++/—100 8+10i
2 2

X, = 4+5i.

Ipumep 2.5.2. Haiigure Bce kopan /1.
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Pemenue.

. 2 ) 2 —
Y=1=3/1-(cosr +isin7) =cos%ﬁk+ism%ﬁk, k=0,2.

IIpu k=0 nomyuyaem %+73i, npu k=1 nonysaem —1, npu k =2 momny-

V3

yaeM — — —31' . Itak, Mpl OJIy4niiv KOpHU: | — 1;l +—1i
2 2 2 2

2.6 JIuHeiiHbIe OTHOPOAHBIC YPABHEHHSI C IOCTOSHHBIMH

KO3 PpuueHTAMH

I/ITaK, IIOKa OCTACTCA OTKPBITBIM JIMIIB OJAWH BOIIPOC: KAaK HaUTH (bsz[aMeH-
TAJIbHYIO CUCTCMY peH_IeHI/Iﬁ JJIA JIMHEMHOTO OJHOPOAHOI'O YPaBHCHUA. I[JISI npo-
HU3BOJIBHOTO JIUHEHHOTO OIHOPOAHOI'O YpaBHCHUSA HCT 06H_[CFO METOAA. HOC—)TOMy
OTpaHUYIUMCA paCCMOTPCHUCM CJIy4das, KOoraa KOB(i)(i)I/IHI/IeHTBI JIMHEMHOTO YpaBHC-

HUS IOCTOSIHHBIL. TO ecTh pacCMOTPUM ypaBHEHHE
g ! =0 2.6.1
a,y" +a,y +a,y=0, (2.6.1)

rue a,, a,, a, €R, a, #0.

Bynem uckaTh 4acTHOE pEIICHUE 3TOr0 YpaBHEHHS B BHIE y =€, TIE ¥ —

2
Hem3BecTHOE umcio. IloxctaBuM byukumn y=e™, y' =re™, y" =r’e’™ B ypas-

HeHue (2.6.1):
(ayr® +ayr+a,)e™ =0.
Bunno, uto ¢pyHKIMs y =e" OyAer SBIAThCS pelieHueM ypaBHeHus (2.6.1) Torna

2 o
H TOJIBKO TOrJa, Koriga MHOIOWICH d,r + ar + a, , KOTOPpbIKM Ha3bIBACTCS XapakK-

TEPUCTUUYECKUM MHOTOUJIEHOM, OY/IET paBeH HYIIIO.
IIpn paccMOTpeHHUM XapaKTEPUCTUUECKOIO MHOrOWJIeHa MOTYT IpeJcTa-
BUTHCS CIEAYIOIIUE CIYYau.

Ciyuaii 1.
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XapaKTepI/ICTI/I‘IeCKI/Iﬁ MHOT'OYJICH UMCCT Pa3JIMYHBIC I[eﬁCTBHTCHBHBIC KOp-

HH 1, #1,. Torya noixyyaeM JBa 4acTHBIX peuieHus ypaBHenus (2.6.1): y, =e™ u

vy, =e*". Jlerko BUIETh, YTO OHU 00pa3yrT (yHIAaMEHTAIBHYIO CHCTEMY pelie-

HUM:
r]x r2x
e e
W= =(r, —1)e""T £0.
r]x r2x 2 1
re r,e
3HayuT ol1ee perieHrne ypaBaenus (2.6.1) 3anumercs B BUE:
y=Ce"™ +C,e™.
Ciyuaii 2.
XapakTepUCTUYCCKUN MHOTOWICH MMEET paBHbIC JICHCTBUTEIBHBIE KOPHH
H=r=I.

2 —
ayr” +ar+a,=0,

D:O,rO:—ZaTI.
0

OJHO YacTHOE pelIeHHe HAXOIUTCs cpasy: y, =e'*" . Jlns Toro, 4ToObl Haii-

TH BTOPOC PCIICHUC, MOKHO BOCIIOJIB30BATHCA MCTOJOM, U3JIOKCHHBIM B TCOPEMC

2.3.7.
y= Ze"* ,

y' =z'e" + zr e,

/I I Ryx /
y =z"e” +2rz'e

X X

2

//erox

rox _/ 2 _nyx | _Kyx X X _
a,(z +2re"z +zige" )+ a,(z'e” +zre” )+ a,ze™ =0

aoz// + (2ayr, + al)z/ + (aoro2 +a1y+a,)z=0

Kosbduuuent mpu z’ -4
03 e pu z' paBEH HYJIO, TaK Kak 7, =

a,

, a Koa(puueHt

IIPpU Z paB€H HVIIIO, TaK KaK 7, — KOPE€Hb XapaKTECPUCTUUICCKOT'O aBHeHUs. Utak
> 0 ’

/I
z' =0,
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y — xerox

Mbl  nonyunian  (QyHIAMEHTAIBHYIO CHUCTEMy peIIeHHi: ), =e*

v, =xe . JIeiCTBUTENBHO:

o '™ -
W: rox VOX VOX :e ’ ¢0'
r,e xre” +e
Urak, oOiee penienue ypaBHenus (2.6.1) 3anuiiercs B BUJE:
y=Cxe™ + C,e".

Ciyuaii 3.

3aMeTHUM, YTO KOPHSIMHU XapaKTEPUCTUUECKOTO YPaBHEHHS MOTYT TakK»Ke SiB-
JAThCSI U1 MHUMBIE unciia. Ho 31ech HET HOBOTO citydas: BCE IPEAIISCTBYIOIINE
paccyXJIeHHUsl COXpaHSIOT cwily. Tak Kak Kod(phUIIMEHTh YpaBHEHHUS — BEIECT-
BEHHBIC YHCJIa, TO MHUMBIE KOPHU MOTYT TOSIBISATHCS TOJIBKO TMOMApHO C COMpSs-
KEHHbIMU: 1, =a + fi, r, =a — fi. Ilonyyaem cienyromyo (QyHIaMEHTAIbHYIO
CUCTEMY PELLICHUN:

— (a+pBi)x — (a—pPi)x
yl e ’ y2 e .

Tax kak MBI H3y4aeM TOJBKO BEIIECTBEHHBIC PYHKIIMU, TO €CTECTBEHHO MTOCTABHUTH
BOIIPOC: HEJb3sI JIU MOA00paTh PyHAAMEHTAIBHYIO CUCTEMY TakK, 4TOOBI 00€e BXO-
Asime B Hee GYHKIMH ObLITU BEIIECTBEHHBIMH.

[To popmyne Ditnepa:

vy, =e™ (cos fx +isin fx), y, =e” (cos fx —isin fx).

SNt I Y=
2 072

1

OO06e >t q)YHKHI/II/I ABJAKOTCA pCHICHUAMU JAHHOTO JIMHEMHOI'O YPaBHCHUA, TAK KaK
OHH SIBJISIOTCS JIMHCHMHBIMU KOM6I/IHaI_II/ISIMI/I YaCTHBIX pe]lIeHHﬁ. Cucrema yiuny,

1 1 1 1
dbyHIaMeHTallbHA, TaK Kak 31ecb @ =—, f=—, y =—, 0 =——, a 3HAYUT
2 2 2i 2i
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111
a5 —fr=— 10
Pr==i %=

y,=e* cosfx, y, =e* sin fx.
CienoBaTeabHO, €CIIM KOPHH XapaKTEPUCTHYECKOrO MHOTOYJIEHA MHHUMEIE

uncna 1, =a * Bi, To 00Iee pEIIEHNE UMEET BU
y=Ce” cos fx + C,e™ sin fx.
Mpumep 2.6.1. Haiimute o6imee pemrenne ypasraerus ¥ —3y' +2y=0.

Pemenue.

CocTaBuM XapakTepUCTUUECKOE YPAaBHEHUE U HAWJEM €ro KOpHHU:
rr=3r+2=0,
N, = 11,2}
3anuiieM o01lee pelieHre OJHOPOJIHOIO ypaBHEHUS 1o (popmysie [uisl mep-
BOI'O CITy4asi:
y=Ce* +C,e™".
IIpumep 2.6.2. [1] Haitgute oOrree pelieHue YpaBHEHUS
y' -6y +9y=0.
Pewenue.
CocTaBuM XapakTepUCTUUECKOE YPAaBHEHUE U HAWJEM €ro KOpHHU:
P —6r+9=0 ,
N, = {3;3}.
3anuiieM obliee peuieHue OJHOPOAHOTO YpaBHEHHUS 1O (hopmylie A BTO-
poro ciyyas:
y=Ce* +C,xe™.
IIpumep 2.6.3. [1] Haitnute oOrree peuieHue YpaBHEHHUS
y' -4y +5y=0.
Pewenue.

CoctaBum XAPAKTCPUCTUYICCKOC YPABHCHUC U HaﬁﬂeM €TI0 KOpHHU:
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r2—4r+5=0,

na={2%i}.

3anumiem O6I_HCC peuICHUC OAHOPOAHOI'O YPABHCHUA 110 q)OpMy.He JJI1

TPCTHECTO ClIydasd:

2 .
y=Ce** cosx+ Cye* sinx.

2.7 JInuneiinble ypaBHEHHS € MOCTOSTHHBIMH KO3 punuentammn

¢ 0c000ii MpaBoii YacTHIO BUIA ebem (x)

PaccMoTpuM ypaBHEHHE
/ / _ bx
a,y" +a,y +a,y=e" P (x), (2.7.1)

rae P, (x) — MHOTo4JIeH cTeneHu m. byaeM HCKaTh YaCTHOE PEIEHUE 3TOr0 ypaBs-
Henus B Bume e Q(x), rae O(x) — TPOU3BONBHEIA MHOrowieH. IToacTaBuM
e™Q(x) B ypasrenue (2.7.1).
y=e"0(x),
¥ =be™0(x) + "0’ (%),
P = b2 O(x) + 2be" 0’ (x) + €0 (x).
ag(b*0(x) + 260" (x) + 0" (x)) + @, (bQO(x) + Q' (x)) + a,0(x) = P, (x).

O(x)(a,h® +ab+a,)+ Q' (x)2ayh +a,) + Q" (x)a, = P, (x). (2.7.2)

O603Hay4ast XapaKTepUCTUUECKUI MHOTOWIEH uepe3 f(r) U 3amedas, yTo
a,b’> +ab+a, =f(b),
2ab+a, = f'(b),

g ®
2

MbI MOKEM TepenucaTh paBeHcTBo (2.7.2) B BUje
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/ / " f// (b)
O (b)+Q (b)) (b)+ Q@ (x)=——=F,(x). (2.7.3)

Wrax, s Toro, uto0sl GyHKIHsA e Q(x) GblIa YaCTHBIM PEIICHHEM ypaB-
HeHus (2.7.1), HeoOX0AMMO U JOCTATOYHO, YTOOBI MHOTOWIEH (Q(x) obOpainan pa-

BEHCTBO (2.7.3) B TOXKIECTBO.
Ciyuaii 1.
[Iycth b — HE KOpPEHb XapaKTepUCTUUYECKOTO ypaBHeHusa. To ectb f(b) #0.

OueBunHO, uTo ecnu B Gopmyny (2.7.3) moactaButh BMecTo (J(X) MHOTOYJIEH

CTCIICHHU mi, TO B JIEBOM YaCTH ATOM q)OpMy.TIBI MOJIYYHUTCA MHOT'OYJICH TOM K€ CTe-

nenu. [locmoTpum, MOXXHO 11 TO100paTh Kodduimentsl Q(x) Tak, 4TOOBI MOCIIE

€ro IMOJCTAaHOBKH B JIEBYIO 4acTh paBeHCTBA (2.7.3) momyuusics Obl B TOYHOCTH

MHorouneH P, (x). ITycts
P (x)=Ax"+A4, x"" +.+Ax+ A4,
O(x)=B,x" +B, x""'+..+Bx+B,.
3necwy A4, ..., A, —3anaHHble 4nuCHa, B, , ..., B, — HEU3BECTHBIE KOA(PPUINECHTHI.

[ToactaBum dyukuuio Q(x) B paBeHcTBO (2.7.3).
(B, x" +B, x"" +.+Bx+B,)f(b)+
+(mB, x" " +(m-1)B, x"*+..+B)f (b)+

//
+ (m(m — l)Bmx’”‘2 + ..+ 282)f 2(b) =

=Ax"+ A _x"" +..+Ax+ A4,

f()B, =4,
f)B, ,+mf'(b)B, =4,

F(B)B, o +(m—1)f BB, , +™"=D

f// (b)Bm = Am—Z

OTa cucreMa II03BOJISICT OJHO3HAYHO OIPCACIINTL BCC HCHU3BCCTHBLIC: U3

IEPBOr0 YPaBHEHUS HAXOAUM B, , 3TO BO3MOXKHO, Tak Kak f(b)# 0; u3 Broporo

50



ypaBHEHHUsSI HAXOAUM B, |, 4TO BO3MOXKHO I10 TOH K€ IIPUYMHE, U TaK Jajee.
Ciyuaii 2.
[TycTh b — KOpeHb XapaKTepUCTUYECKOr0 MHOTOUIeHa kpaTtHOCTH 1. To ecTh

f(b)=0, f'(b)#0. Iepermmem paBeHcTBO (2.7.3):

//
0'@f ) +0' 2= p, ). (2.7.4)

Bunno, uto, B3siB B KauecTBe (J(X) MHOTOWICH CTENEHU M + 1, MBI OJY4YUM B pe-
3yJbTaTe MOJACTAHOBKM MHOTOWIEH cTerneHu m. TakuMm oOpazom, ((x) Hamo HcC-
KaThb B BUJIC:
O(x)=B, x"" +B x" +..+ Bx+B,.
Jlerko BUAETH, 4TO B, MOXKHO B3sTh 100bIM. [loaTOMy nycts B, =0. Iloa-

CTaBJIIA 5TOT MHOT'OYJICH B PABCHCTBO (274), MBI MOJKEM TdK K€, KaK U B IIPCAbI-

AyIIEM cy4ae, 10Ka3aTh, YTO CUCTEMA YpaBHEHHUM [UIsl onpeneneHus Kosgduuu-

eHTOB B .., B, pa3zpemmma (1osib3ysch TeM, 4TO [ '(b) #0). CregoBatenbHo,

m+l2
B OTOM CJIy4ae HaJ0 MCKATh YaCTHOE PEIICHUE B BUC
y=xe™ (B, x" +B x"" +..+B).
Ciyuaii 3.

HYCTB b— KOPCHb XAPAKTCPHUCTUUCCKOIO MHOT'OYJICHA KPATHOCTHU 2. To ecth

f(b)=0, ' (b)=0, " (b)= 2a, #0. YpaBHenue (2.7.3) npuBOAUTCSA K BUAY:

/" (b) SO i =P (v,

I
apQ (x)=F,(x).
B kxagectBe (J(X) Hamo B3ATh MHOTOWIEH CTENEHU m + 2, KO3POUIIMEHTHI

KOTOPOTO OMPENEISI0TCA U3 NPeblaylIero paBeHcTBa. [Ipu 3ToM cBOOOIHBIN UieH

1 KO3(DPUIUEHT MPU X MOTYT OBITH B3ATHI MPOU3BOJIBHO, TAK KAK OHU HE BXOIAT B
seipaxkerne O (x). BosbMeM 5TH kK03 dUIMEHTH PaBHBIME HYI0. TakuM 06pa-

30M, HaCTHOC PCUICHUC HAO NCKATh B BUAC
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y=(B,,x""*+B,  x"" +. .. +B,x")e™,
WK
y=x*"(B, ,x" +..+B,).

[lonsenem utor. Utak, eciau mpasasi yacTh ypaBHeHUs (2.7.1) ¢ MOCTOSIHHBI-
MU KO3 PUIIMEeHTaMU UMEET BUJ ebem (x), To:

1) ecnu b — He KOpeHb XapaKTEPUCTUUECKOIO0 MHOTOWIEHA, TO YaCTHOE pe-

IIIEHUE CIIeTyeT UCKATh B BUJE ) = ebem (x);

2) ecnu b — KOpeHb KPaTHOCTU 1, TO — B BUJIE ) = ebxem (x);

3) eciu b — KOPeHb KPATHOCTH 2, TO — B BHAE y = e x* 0, (x).

3amMeTuM, 4TO, €clii B MpaBoi 4acTh ypaBHeHUs (2.7.1) crouT (yHKIMS
Ae™, A€ R, T0 5Ty (GYHKIMIO MOXKHO PaCCMATPHBATH KaK ebem (x), tne m=0.
Ecnu xe B npaBoi yacTu CTOUT QyHKIMS P, (Xx), TO U 3Ty (QYHKLIUIO MOXHO pac-
CMaTpUBaTh Kak ebem (x), rne b=0.

Hpumep 2.7.1. [3] Haitgure oO1ee pelieHne ypaBHEHUS
y' =3y +2y=10e"".

Pemenue.

1) CocraBuM OJHOPOJHOE YpaBHEHHUE U HAMJIEeM ero o0lee peiieHue.
y'=3y' +2y=0,
r?=3r+2=0,
na =12},
y=Ce* +C,e™".

2) VuutbiBas, uto m=0, a b=—1 He ABIICTCSI KOPHEM XapaKTePUCTUYC-
CKOT'O ypaBHEHHs, Oy/IeM MCKAaTh YaCTHOE PEIICHUE HEOIHOPOIHOTO YPaBHECHHUS B
Bujae y= Ae . Urak,

y=4de™,
y =—de,
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y/ "= e ™.
[MoxcraBuM 3TH (GYHKIUH B IEPBOHAYAIBHOE YPABHEHUE

Ae™ —=3(—Ae™) +2(Ae ") =10e ™",

A+34+24=10,
4=2,
3

5
3Ha‘II/IT, YaCTHOC PCIICHHUC HCOAHOPOAHOI'O YPABHCHUS UMCCT BUI Y = ge

—X

3) Haiinem oO1iee penieHre HEOJHOPOAHOIO YPaBHEHUS Kak CyMMY OOILIETo

peuicHus OAHOPOAHOTO YPABHCHUA U YaCTHOT'O PCIICHUA HCOAJHOPOAHOTO:

X

5
y=Ce* + C,e™ +§e_ :

Hpumep 2.7.2. [3] Haitgute oO1ee pelieHne ypaBHEHUS
y' =3y +2y=e"(3-4x).
Pemenue.

1) CocraBuM OZHOPOJHOE YpaBHEHHE K HAMIEM €ro 00IIee pelicHHE.
y' =3y +2y=0,
rr=3r+2=0,
N, = 11,2}
y=Ce" + Czezx .
2) VuuteiBas, uto m=1, a b=1 sBIgeTCI KOPHEM XapaKTEPHUCTUIECKOTO
ypaBHEHHsT KPaTHOCTH 1, OyJeM HMCKaTh 4acTHOE PELICHHE HEOTHOPOIHOIO ypaB-

HeHus B Bujie ) = (Ax + B)xe” . Urak,
y =(A4Ax* + Bx)e”,
y' =(2Ax+ B)e* + (Ax* + Bx)e",
y" =24e" +2(2A4x + B)e* + (Ax” + Bx)e”.
[lonctaBum 3T (QYHKIMHM B MEpBOHAYAIBHOE YpaBHEHHE U pa3feianuM o0e

YacTU HaA e :
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2A4+2(2A4x + B) + (Ax* + Bx) = 3((2Ax + B) + (Ax* + Bx)) + 2(Ax* + Bx) =3 — 4x

A-34+24=0
44+B-64-3B+2B=-4,
24+2B-3B=3

A=2
B=1"

3HAYUT, YACTHOE pEIICHHE HEOJHOPOJHOTO YpPaBHEHHUS MMEET BUJ
y=e'x(2x +1).
3) Haiinem oO1iee penieHre HEOJHOPOAHOTO YPaBHEHUS Kak CyMMY OOILIETo
pelIeHns OJHOPOIHOIO YPABHEHHS M YACTHOTO PEIIEHUS HEOJHOPOIHOIO:
y=Ce* +C,e™ +e*x(2x +1).
HMpumep 2.7.3. [3] Haitgute oO1ee pelieHne ypaBHEHUS
v =3y +2y=2x" -30.
Pewenue.
1) CoctaBuM OJHOPOJHOE YpaBHEHHUE U HailieM ero olliee penieHue.
y'=3y"+2y=0,
rr=3r+2=0,
N, = 11,2}
y=Ce* +C,e™".
2) YyuteiBas, yto m=3, a b=0 He sBISETCS KOPHEM XapaKTepHUCTHYE-
CKOT'O ypaBHEHHMsI, Oy/IeM UCKaTh YaCTHOE PEIlIEHHWE HEOJTHOPOIHOTO YpaBHEHHUS B
BULE y= Ax’ +Bx* +Cx+ D, IIpoBens pacyerTsl, MOy YUM

. 9, 21 15
y=x+—-x"+—x—-——.
2 2

3) Haiinem oOliee pelieHre HEOAHOPOIHOIO YPABHEHUS KaK CYMMY OOLIEro
peuicHus OAHOPOAHOTO YPABHCHUSA U YaCTHOT'O PCIICHUA HCOAHOPOAHOT'O:
9 21 15
y=Ce* +Ce® +x° +Ex2 X
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2.8 JIluHeiinble ypaBHEHHS € MOCTOSSHHBIMH KO3 puuentammn

¢ 0co60ii mpaBoii yacTeio BuAa e cos fxP, (x)+ e sin BxQ, (x)

Metoa HeorpeaeaeHHbIX KOA()(PHUIIMEHTOB MOXHO TMPUMEHSITh U B ITOM
ciaydae. IlycTh ny1st onpeneneHHOCTH m > s. YKaxeMm 0e3 000CHOBaHUS Clieqylo-
HIYIO CXEMY.

1) Ecnu o + fi — He KOpHU XapaKTepUCTUUECKOTO YPABHEHHMSI, TO CIEIYET

VICKaTh YacTHOE pelieHue B Buue y=e™ cosfxL, (x)+e™ sin fxK, (x),
rae L, (x) n K, (x) — IpOU3BOJIbHBIE MHOTOWIEHBI CTEIIEHU 1.

2) Ecnu a + i — KOpHHU XapaKTepUCTUUECKOTO YPaBHEHUs, TO CJIEIYEeT HC-

KaTh Y4acTHOE pelieHue B Buae y =e* xcosfxL, (x)+e“ xsinfxK, (x),
rae L, (x) n K, (x) — IpOU3BOJIbHBIE MHOTOWIEHBI CTEIIEHU 1.

HMpumep 2.8.1. [3] Haitgure oO1ee pelieHne ypaBHEHUS
// / A X X
y' =3y +2y=2e cosE.

Pemenue.

1) CocTaBuM OZHOPOJHOE YPAaBHEHUE M HAMIEM €ro o0IIee PElIeHHE.
y' =3y +2y=0,

rr=3r+2=0,
”1,2:{1;2}-

2
y=Ce" +C,e™.
I
2) YuuteiBas, uto m=0, a uncna 1+  He ABIIAIOTCA KOPHAMH XapaKTepu-
CTHUYECKOTO ypaBHEHHMsI, OyJIeM HCKATh YaCTHOE PEIICHUE B BHIIC

y=Ae" cos> + Be'sin ..
2 2
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Hraxk,
y=Ade* cos> + Be® sin >
2 2
-3y = A+§ ¥ cos + —£+B e sin >
2 2 2 2

1 y! = EA+B et cost + —A+§B e sin
4 2 4 2

2A—3(A+§j+(§A+Bj=2

2 4

2B-3 —£+B + —A+§B =0
2 4

4=-3
5

p=-1°
5

MBI HallUTK 9YaCTHOE PEIICHNE HEOJHOPOIHOTO YPAaBHEHHS:
8 x X
y=——e"| cos=+2sin— |.
5 2 2
3) Vkaxem oOliee pemieHne HeOAHOPOJHOTO yPaBHEHUS:
x w8 x . X
y=Cie +C,e” ——e"| cos—+2sin— |.
5 2 2

Ipumep 2.8.2. [2] Haitaute oOmiee penienue nuddepeHnnaIbHOr0 ypaB-

nerns ¥’ —4y’ +8y =e”(—sinx +2cosx).
2 : o 2. 3
OtBeT: y=e""(C,cos2x + C,sin2x)+e"| — gsmx + Ecosx :
Ipumep 2.8.3. [2] Haitaute oOmee penienue nuddepeHnnaIbHOro ypaB-

. 1 :
nennst y' — 4y’ +4y=e*"sin6x. OtBer: y=Ce™ +C,xe™ — gezx sin6x .
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2.9 JIuHeiinble ypaBHEHHS € MOCTOSTHHBIMH KO3 puuenTammn

C MPaBOii YacTHIO D0JIee CJIOKHOTO BHAA

Eciau mpaBast 4acTh ypaBHEHHs MPEACTABISACT COOOM CyMMY HECKOJIBKHX
BhIpakeHuit THIa e P, (x), e™ cos AP, (x), e™ sin BxP, (x), TO JI HAXOXKIEHUS
YaCTHOTO PEIICHUS YPABHEHHSI MOYKHO HCIIOJIB30BATh CICIYIOIIYIO TEOPEMY.

Teopema 2.9.1. Eciu  y, —  4acTHOe  pEIICHHE  YPaBHEHHU:A

aoy// + a, ! +a,y=fi(x), a y, — UYacTHOE pCLICHHE YPABHECHUS

aoy// + aly/ +a,y=f,(x), 10 ¥, + ¥, — 4aCTHOE PEIICHUE YPAaBHEHUS

apy’ +ay' +ay=fi(x)+ fr(x). (29.1)
JHoka3zarenbcTBO. [loicTaBuM cymmy ;1 + ;2 B ypaBHeHue (2.9.1):

aoly! + 70 Jr @yl + 7 J @y + 3a) = 10+ £,

—/ —/ - —/ —/ -
(aoJ’1 Tay +a2y1)+ (aoJ’2 +ay, +a2y2)=f1(x)+f2(x).

CHpaBCIUII/IBOCTB MMOCJICAHCTO PABCHCTBA OYUYCBUIHA. TeopeMa JOKa3aHa.

Hpumep 2.9.1. [3] Haitgure oO1ee pelieHne ypaBHEHUS
y' =3y +2y=x—e* +1.
Pewenue.

ITpuBeneM kpaTkoe peuieHue naHHOM 3amauu. CHavana HaiiieMm oOluee pe-

LIEHUE OJJHOPOIAHOTO YPABHEHUS:
y=Ce* +C,e™".
3aTeM HaiieM gacTHoe pemieHne ypasHenus y’ —3y' +2y=x+1, yautsl-

Basl, 4TO IMpaBasi 4YaCTb UMEET BU]I ebem (x), npuuem m=1, a b=0 He sABAIETCA

KOPHEM XapPaKTCPUCTUYCCKOI'O YPABHCHUS

LN
Y 27 4

. -2
3aTeM HaiifieM JacTHOe pelenue ypaBaeHus ¥ —3y’ +2y=—e >, yauThbl-
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Basi, YTO IpaBasi YaCTh TAKXKE UMEET BUJL ebem (x), mpuuem m=0, a b=-2 He sB-

JEICTCS KOPHEM XaPAKTCPUCTUICCKOI'O YPABHCHUSA

I o
Y= 12 >
3HAUYNT, YACTHOE PEIICHHE TIEPBOHAYATBHOTO YPABHCHUSI HMEET BU]I
T
2 4 12
a ero od1ee pereHne —
y=Ce* +C,e” + %x + % — ée_zx :

2.10 JIuHeiiHble yPABHEHHUS N-T'0 MOPAAKA ¢ NOCTOSTHHBIMH

KO3 PpuHeHTAMH

Teopust JIMHEWHBIX YpPaBHEHHUH C TOCTOSHHBIMUA KO3()HIIUCHTAMH, H3JI0-
KEHHasl T YPaBHCHUN BTOPOTO MOPS/IKA, TIEPESHOCUTCS MOYTH 0e3 U3MEHEHUH Ha
ypaBHEHUS JIFOOOT0 MOpsIKa.

W3BeCTHO, YTO BCSKHI MHOTOWICH 71-O CTEIICHH MOXET OBITh €HHCTBCH-
HBIM 00pa30M pa3jiokeH Ha JIMHEWHBIC MHOKHUTEIIH:

ar’+a 1" o tar+tay=a,(r—r)r—rn).(r-r_)r-r),
rae 7, ..., ¥, — KOpHA MHOTOWICHA, KOTOPBIE MOT'YT OBITh KaK JCHCTBUTEIBHBIMY,

Tak 1 MHUMbIMHU. [Ipu 3TOM, eciiu Kakoil-HUOYAb U3 TMHEWHBIX MHOXKHUTEIECH ¥ —7;
BCTPEYAETCsI B 9TOM Pa3l0XKEHUU Kk pa3, TO YUCIO 7, HA3bIBAECTCS KOPHEM KpaTHO-
ctH k. Ecnu uncno o + Bi, rne [ #0, siBnsieTcs KOpHEM KPaTHOCTU kK MHOTOYJIEHA
C NEUCTBUTEIBHBIMU KOADPUITMEHTAMH, TO YUCIO & — i TaKXKe SBISICTCS KOPHEM

TOM K€ KPATHOCTH JJIsl ITOTO0 MHOTOUJIEHA.
[TycTh 1aHo NTMHEWHOE OJTHOPOIHOE YPAaBHEHHUE C MOCTOSHHBIMU KO3 duiiu-

CHTaMMU.

ay"” +..+ay +a,y=0. 2.10.1)
n ly Oy
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MHorounen a,r” +...+ a,r + a, Ha3pIBACTCS XapaKTEPUCTUYECKHUM MHOTO-
yyieHoM ypaBHenus (2.10.1).

Teopema 2.10.1. Kaxxmomy neldiCTBUTEIBLHOMY KOPHIO 7, KpaTHOCTH 1 Xxa-

0
PAKTEpPUCTUYECKOIO MHOTO4WIEHA COOTBETCTBYET OJIHO YACTHOE PELIEHUE YpaBHE-
s (2.10.1), stum pemienunem siBiseTcss Gyaknus y =", Kaxmomy nedcTBu-

TEJIBHOMY KOPHIO 7, KPaTHOCTH k >1 COOTBETCTBYeT k 4acTHBIX pelieHuii e,

-1 .
xe™, ..., x* e KaxaoMy MHEMOMY KOPHIO ¢ + §i KpaTHOCTH | M CONpsKeH-

HOMY C HMM KOPHIO & — i COOTBETCTBYET Iapa YaCTHBIX pelieHuii e™ cos fx u
ox s .
e™ sin fx . KaxxgoMmy MHUMOMY KOPHIO o + i KpaTHOCTU k >1 U cONpssKEeHHOMY

C HHM KOpPHIO « — i COOTBETCTBYeT 2k 4YacTHBIX pemieHuii e cos fx,

ax

-1 . . -1 .
™ cos B, e™sin fx, xe™sinfx, ..., x* e sin fx. Homny-

xe*cosPx, ..., x
YCHHBIC TAaKMM O00pa30M 7 YaCTHBIX peIICHUN o0pa3yroT (pyHIaMEHTaIbHYHO CHC-
TEMY.

PaccMoTpuM nmuHEHHOE ypaBHEHHE /1-TO MOPSAKA C MOCTOSHHBIMHU K03 du-
[IUEHTaMH ¢ 0CO0OM ITpaBoOi YacThIO BUA ebem (x). Ecu b — He kopeHb XapakTe-

PUCTHYCCKOI'O YPAaBHCHHA, TO YdCTHOC PCHICHUC IIO-IIPCIKHEMY CIICAYCT HUCKATh B

BUJIE ) = ebem (x). Ecnm xxe b — KOpeHb XapaKTepUCTUUYECKOTO YPAaBHEHUSI KpaT-

HOCTH k, TO CJIE/IyeT MCKaTh YaCTHOE pellleHHe B Buae y = x' e’ Q0 (x).
Paccmotpum nmuHeitHOE ypaBHEHHUE 71-TO MOPSIIKA ¢ TIOCTOSTHHBIMU K03 du-
LIMEHTaMHU ¢ 0CO0O0W mpaBoil yacThio Buaa e™ cos fxP, (x)+e”™ sin fxQ, (x), rae
m>s. Ecnu uucna o £ i — He KOPHU XapaKTEePUCTUYECKOTO YpaBHEHHS, TO 4Ya-
CTHOE peleHne MO-TIPEKHEMY clenyer UCKaTh B BUJIE
y=e“ cos fxL, (x)+e” sin fxK, (x). Ecnu ke a = i — KOpHU XapaKTepUCTHYe-
CKOTO YpaBHEHHSI KPaTHOCTHU k, TO CIIelyeT WCKaTh YacTHOE pPEIICHHWE B BUJC

y=x"e™cos fxL, (x)+ x*e™ sin fxK, (x).
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Ipumep 2.10.1. [2] Haiigute oOmee pemenue aUdPEPEHIIMATEHOTO
ypasuenus v +4y" +3y' =4(1-x)e ™.

Otet: y=C, +Cre™ +Cie ™ +e 7 (x* —x).

Ipumep 2.10.2. [2] Haiigure oO0mee pemenue audhepeHInaIbHOTO
ypasuenus ¥ + y" —6y' =(20x +14)e*".

Otset: y=C, +C,e" + Cye™ + x°e™".

2.11 Cucrembl 00BIKHOBEHHBIX AH((PepeHINATBHBIX YPABHECHUI

[Tpu pemenun MHOrux 3aaad Tpedyercss HaWTH QyHKIMH Y, (X), ..., V,(x),

KOTOPBIC YIOBJIICTBOPAIOT CUCTCMC

yl/ :fl(xayla---ayn)

I
2= o6y y) 2.11.1)

yr/z :fn(xayla"'ayn)

Takasti cuctema Ha3bIBaeTCs HOpMaHBHOﬁ. HpOI/IHTerI/IpOBaTB CUCTCMY —

3HAQYUT HAaUTH QyHKIMU Y,(X), ..., ¥,(X), YIOBIETBOPSIOUINE CUCTEME U HAYallb-

HBIM YCJIOBUAM

Y1(X0) = Yigs s Yul(X0) = Vi - (2.11.2)
HNuTerpupoBanre CUCTEMBI TPOU3BOAUTCS CIIEAYHOUIAM 06p330M.

HuddepenunpyeM 1o x NepBoe ypaBHEHUE:

R A A

dx* ox oy, dx 0Oy, dx
3aMeHsIs by R b, Ha f, ..., f,, HOIy4uM
dx dx
d*y

?;:Fz(xayla"'ayn)'
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Hudbdepennupyem mojgydeHHOE ypaBHEHUE W, TIOCTYIasl aHAJIOTUYHO TIpe-
IBIIYIIEMY, HalieM
3
d’y,
dx’

ITocne (n —1)-ro nuddepeHniupoBaHus TOJTYyIUM YpaBHEHHE

:F3(x9y19"'9yn)'

d"y
,11 :Fn(xayla"'ayn)'
dx
Wrak, nonyyaeM cucremy
dy
_lzfl(xayla---:yn)
dx
dZJ’l
=F, (X, Y5020,
g2 L), 2.11.3)
d"y
,11 :Fn(xayla---:yn)
dx
W3 nepBbIX n—1 ypaBHeHMI onpenenum y,, ..., V,, BBIPA3UB UX 4YEPE3 X,
y @ dn_lyl .
1° dx 9 cc dxn_l

y2 :(pz(xaylayl/a""yl(n_l))
(2.11.4)

/ -1
yn :(pn(x9y19y1 9"'ay1(n ))
[loncraBiisst TH BhIpakeHUs B TIocieHee U3 ypaBHeHu# (2.11.3), nomyyum
YPaBHEHME 11-TO NOPsAIKA JJI OIPEACICHUS ),
d" y,
dx"

= DX, Y, Ve ") (2.11.5)
Pernrast 5170 ypaBHEHHUE, HAXOIUM ),

yl :l//l(xacla"'acn)- (2116)
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dy, dn_lyl

Hudbdepenuupys 310 BelpaxkeHue n —1 pas, Haligem —, ..., - Kak
dx dx"
¢ynkunu ot x, C,, ..., C, . llogcraBnsas stu GpyHKkuuu B ypaBHeHus (2.11.4), on-
penensaeM y,, ..., V,:
Y =y,(x,C....,C,)
(2.11.7)

yn :Wn(x7cl“‘7cn)

J7ist TOro, 4TOOBI MOJIYYEeHHOE PEIICHUE YIOBIETBOPSIIO 3aJaHHBIM Havallb-
HbIM ycnoBusiM (2.11.2), ocraercs Haiitu u3 ypaBHenuit (2.11.6) u (2.11.7) coor-
BETCTBYIOILME 3HAYCHUS NOCTOSAHHBIX C,, ..., C, .
3amerum, 4Tto eciau cuctema (2.11.1) nuHeHa OTHOCUTEIBHO HMCKOMBIX

byHkuui, To U ypaHeHue (2.11.5) Oynet TuHEeHHBIM.

IIpumep 2.11.1. Pemute cucremy

dy
d—:y+Z+X
* , ¥(0)=1, z(0)=0.
dz
—=—4y-3z+2x
dx
Pemrenue.
y// :y/ +z7 41

V' =(y+z+x)+(—4y-3z+2x)+1
y' =3y -2z+3x+1
V' =y+z+x
y'==3y-2z+3x+1
/

z=y —y—X

{y//=—3y—2y/+2y+2x+3x+l

v +2y" + y=5x+1
y=Ce " +Cyxe " +5x-9
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y =—Ce ™ +Ce™™ —Cyxe™ +5
z=—Ce " +Cre” —Cyxe " +5-Cie" —Cyxe™ =5x+9—-x
z=-2Ce" +Ce"(1-2x)—-6x+14
Hraxk,
y=Ce " +Cyxe " +5x-9
{Z =-2Ce" +Ce"(1-2x)—-6x+14

1:C1—9 CIZIO
0=-2C,+C,+14" |C, =6
{yleex+6xex+5x—9

z=-20e + 6" (1-2x)— 6x+14

IIpumep 2.11.2. Pemmute cucremy

dx
Z=y+z
%=x+z.
N
dt
Pemenue.
¥ =y/ 45

x" =2x+z+y
x"=2x" + 2 +y/
X =Qy+22)+(x+ y)+ (x + 2)
x"" =3y +3z+2x

xX'=y+z

x//=2x+z+y

x" =3y +3z+2x

B NPUBCACHHBIX PACCYKIACHUAX MBI IIPpCAIIojarajiu, 94To U3 IICPBBIX 71 -1

ypaBHeHUI cuctemsl (2.11.3) MokHO ompenenuts QyHKUUH V,, ..., V,. Moxer
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CIIy4uTbhCA, 4TO Y5, ..., ), HCKIIOYAKOTCA HC U3 I’l—l, a U3 MCHBIICTO 4YHUCJIa

ypaBHeHM. Torga s OonpenesieHus ), Mbl NIOJIYYUM YpaBHEHHUE, IOPSAIOK KOTO-

pOro HUXKE 7.

X =x'=2x=0
x=Ce* +Ce” (2.11.8)
x' =2Ce* —Che™

y=2Ce* —Ce —z (2.11.9)

IToactaBum (2.11.8) u (2.11.9) B TpeThe paBEeHCTBO yCIOBHS 3a/1auHU.
z/ =3Ce" ~z
Z +z= 3Clezt
z=Cye” +Ce™
x=Ce* +Cye”
y=Ce” —Cye” - Cye™
z=Cye” +Ce™

IIpumep 2.11.3. Pemmute cucremy

X'=x-y+z

y =x+y-z.

z/:2x—y
OtBeT:

x=Ce' +Ce* + Cye”’
y=Ce' —3Cse”’

zZ= Clet + C262t - 5C3€_t
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I'TIABA 3. 3AJAYHN

3.1 YpaBHeHus ¢ pa3aeJsiiOUIUMUCH NepeMeHHbIMHU

B 3apmawax 1.1-1.12 Tpebyercs HaliTH OOmMI HHTErpan wid oOuiee
peleHne, eciii He 3a/1aH0 HayaJlbHOE YCIIOBHE, M YAaCTHBIM MHTErpal WIN 4YacTHOE
pelleHre Py HATMYUHN HAYaIbHOTO YCIIOBUSI.

3aoauu ona pazoopay 0ocku

1.1, (x? +x)dx+(y—x*y)dy=0. Otser: x* —1=C(y* +1).
12. xyy' =1-x. Otset: x* + y* =In(Cx?).
1+y° 1

13. y' = +y2 , ¥(0)=1. Ortger: yzi.
l1+x 1—x
14. y =3x-2y+5. Otger: 4y —6x —7=Ce ™",

3aoauu 0na camocmoameibHo20 peueHus

15. y'tgx—y=a. OtBet: y=Csinx—a.
1.6. xy +y=y~. Otger: szy—_l.

y
1.7. v+ i:i}j =0. Orser: xﬂ+ym=C.
1.8. ' =10"". Ortser: 10° +107" =C.
19. +sinx+y=sinx_y Otger: C—ZSingzlntg%‘.
1.10. y'sinx=ylny, y(%j:e. Ortger: lnyztgg.

1.11. sinycosxdyzcosysinxdx,y(0)=%. OTtBeT: cosx =+/2cos y.

1.12. y' =cos(x —y). Ortger: x+ctg%=€.
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3.2 OnHopoaHble yPABHEHHUSI OTHOCUTEJIBHO X, Y. YPAaBHEHU ,

CBOAAIIHECSH K OTHOPOAHBIM

B 3agauax 2.1-2.10 TtpeOyercss HailTH 001K MHTETrpan WU oOIlee pelie-

HUE.
3aoauu ona pazoopay 0ocku
2 - 2x

2.1. =y—2—2. Otser: Cx’ =2 .

X y+x
22. y'= s Y. OtBeT: ln(C\/x2 + y? )= arctgl.

X—y X
2.3. /=M. Oteer: C=x>+y> —xy+x—y.

x—2y+1

3aoauu 0na camocmoamenbHo20 peueHus
2.4. xdy— ydx=ydy. Otgert: In| y| +r=C.
y
/ 2xy 2 2

25 Yy =—70"7. OtBet: x“ 4+ y°"=Cy.

S
26. S OtBeT: y==2x,/2In|Cx].

y X

Y
27. yr+xty =xp'. OtBet: Cy=e".
/I _ Y . _ Cx+1
28. xy' =ylhn=. OtBer: y=xe .
X

2.9. /=M. Otset: (x+y—1)’ =C(x -y +3).

2x—-y+4

2 —2arct y+2

2.10. y' _2r+2)” OtBer: C(y+2)=¢ =y

C(xty-1?
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3.3 JIuHeliHbIC YPABHEHUS

B 3amauax 3.1-3.7 TpeOyeTcst HAlTU OOIIMI UHTETpa Uin o0Ilee PEIICHHE,
€ClIi He 3a/laH0 HAa4YaJlbHOE YCIIOBHE, U YACTHBIA MHTETPAJ WM YaCTHOE PEIICHUE
MIPY HATMYUHU HAYAJIbHOTO YCIIOBHSI.

3aoauu ona pazoopay 0ocku

I
3.y +—Fy=1L Otsetr: y=Cx’e* +x°.

2
3.2. 2ydx+(y* —6x)dy=0. Otser: x =Cy’ +y7.

3aoauu 0na camocmoamenbHo20 peueHus

|
33. y +y=cosx. OtBet: y=Ce™” +5(smx+cosx).
Ce™ + e’ #
34. y +ay=e™. Otser: y={ ¢ mia T4

(C+x)e ™, m=-a

35, y' = Otset: x =Ce”’ +%(2y2 +2y+1).

36. y = 24 : OtgerT: x=£+ylny.
2ylny+y—x y

37, x/' -2 =x, y(1)=0.0mer: y=——(x—1+In|x]).
x+1 x+1

3.4 YpaBuenus bepnyJin

B 3anauax 4.1-4.5 tTpebyercs HailTh O0OIIMIT HHTETpal UK OOLIee pelIeHHUE.

3aoauu ona pazoopay 00cku

2x2

4.1. y +2xy=2x%)". Otset: y > =Ce +x2+%.

67



3aoauu 0na camocmoamenibHo20 peueHus

42. y +L+y2 =0. OtBeT: y = ! :
x+1 (x+D)(C+In|x+1))
43. xy'+y=y*lnx. Oteet: Y(Cx+Inx+1)=1.
2 2 1
4.4. y/+—y= 3 \/; OTBeT:\/;=£+tgx+M.
X cos'x X
2 2a
4.5. ydy—%dxz%. Otser: y> =Ce * —2.
X X a

3.5 YpaBHeHusI IepBOro NOpsAKa CMEIAHHbIX TUIIOB

B 3amauax 5.1-5.5 TpeGyeTcst HalTU OOIIMI MHTETpa Uin O0Iee PEIICHHE,
€ClIi He 3aJlaH0 HAa4YaJlbHOE YCIIOBHE, U YACTHBIA MHTETPAJ WM YAaCTHOE PEIICHUE
MIPY HATMYUHU HAYAJIbHOTO YCIIOBHSI.

3aoauu 0na camocmoamenibHo20 peueHus

2
5.1.  xdx— ydy=yx*dy — xy*dx. OTB6T2C=x2+1.
vy +1
2

5.2. 4y/=y—2+101+5. OtBet: y+ x =Cx(y + 5x).

X X
53y 2XTOr=6 Orser: In| C(y - x) =~ 2=

Tx—y—6 y—x

54,y =2 (41, p(0)=1
X

1
= Oteet: v=0-(x+1)> +—(x +1)*.
3 5 y (x+1) 2( )

1
55. y +2ycthx=y*chx, y(1)=ﬁ. Otser: y ' =0-sh® x+shx.
S
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6.1.

6.2.

6.3.

6.4.

6.5.

7.1.

7.2.

7.3.

7.4.
7.5.

3.6 YpaBHeHus B noJHbIX AU depenunanax

B 3agauax 6.1-6.5 TpeOyercs HalTH OOIIMI UHTETPAJL.

3aoauu ona pazoopay 0ocku
Q2x® —xyH)dx +(2y° —x*y)dy =0.

Otser: x* —x*y* +y* =C.

ZXdy2= Zy > —1dx. OTBeT:x+arcth:C_
X +y X +y X

3aoauu 0na camocmoamenbHo20 peueHus

e’dx +(xe’ —2y)dy=0. Otset: xe’ —y> =C.
xdx+ydy:ydx—2xdy- OtBeT: x2+y2+X=C.

1+ x/x% + y)dx + (=1 + /x> + y*) ydy =0.
2
OtBeT: %w/(xz + %) + x—%z C.

3.7 UaTerpupy0oiuii MHOKUTEJIb

B 3amauax 7.1-7.5 Tpebyercsa HailTh OOIIMI HHTETpaJL.

3aoauu ona pazoopay 0ocku

2

y(1+xy)dx —xdy =0. Ortger: £+%=C.
y
2
de+(y3—lnx)dy=0. OtBeT: ln—x+y—=C.
x y 2

3aoauu 0na camocmoamenbHo20 peueHus

(x? + y)dx —xdy=0. Orser: x — 2 =C.
X

(x* + y? +2x)dx +2ydy=0. Ortser: (x* + y*)e* =C.
(xcosy — ysin y)dy + (xsin y + ycos y)dx =0.

OtBet: (xsiny + ycosy —siny)e’ =C.
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3.8 'eomeTpuueckue u GpusnyecKue 3a1a4u, NPUBOASIIIINE

K Ju(pPpepeHInATBHBIM YPABHCHUAM

3aoauu ona pazoopay 0ocku
8.1. HaiitTn Bce NMHUHU, Y KOTOPBIX OTPE30K KacaTeIbHOM MEXAY TOUKOM Kaca-

HHUA U OCBIO a6cu1/1cc ACIIUTCA MMOIIOJIaM B TOYKE IICPCCCUCHUA C OCBIO OpAU-

2
Har. OtseT: y° =Cx.

3aoauu 0na camocmoamenibHo20 peueHus

8.2. HaiiTi nuHUIO, y KOTOPOH JIMHA HOpMaIH (OTPE30K €€ OT TOYKH JIMHUH JI0
2, 2 2
ocH abciuce) ecTh nocrosinHasg BenuunHa a.  OtBeT: (x—C)" + y" =a”.

8.3. MortopHas oJKa ABUKETCS B CIOKOMHON BoJie co ckopocThio 10 km/4. Ha
MOJITHOM XOJy €€ MOTOp ObUI BBIKIIOUEH, W uepe3 20 ¢ CKOPOCTh JIOAKH
yMeHbIIUIach 10 6 km/4. CunTtas, 4TO CUjIa COMPOTUBICHUS BOJBI JBHKE-
HUIO JIOAKHU TPOTOPIIMOHATIbHA €€ CKOPOCTH, HAUTU CKOPOCTH JIOAKH Yepes3 2
MHH TI0CJI€ OCTAHOBKH MOTOPA; HANTHU TAK)KE PACCTOSAHUE, MPOUICHHOE JIO-

KOM B TCUCHUE OIIHOﬁ MHUHYTBI ITOCJIC OCTAHOBKHU MOTOpaA.

Ortser: 0,467 xm/g; 85,2 M.
3.9 YpaBHeHus, JONYCKAKIIHE MOHUKEHHE MOPSAKA

B 3amagax 9.1-9.13 tpebyercs HaliTu oOmMI wWHTErpan wid oOuiee
peleHne, eciii He 3aaHbl HauaJdbHbIE YCIIOBUS, M YaCTHBIA WHTETPAJ WM YaCTHOE
peleHre Ipy HATMYUHN HaYaIbHBIX YCIOBUH.

3aoauu ona pazoopay 0ocku

3
9.1. y"=x+sinx. Ortger: y=%—sinx+C1x+C2.

: : l .
9.2. " —2(ctgx)y’ =sin’ x. OtBeT: y=C1x—%sm2x—§sm3x+C2.
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1
93. y"=0u"). OtBeT: y=§w/(C1 —2x) + Cox + C;.

9.4. ' =y". Orget: y=C,e“",
3aoauu 0na camocmoamenibHo20 peueHus
9.5. (A+x*)y" +y?+1=0. Oreer: y=(1+C)In|x+C,|-C,x +C,.
2 x)
9.6. ()= OtBeT: yzg(Cl +§j +C,.
9.7. 2y —3y'* =4y?. OtBert: x =arctg /C,y—1+C,.
98. ' —yw'hhy=y"?. Orser: 2 G C, arctg(C,Iny), C, >0.

9.9. y'(x*+1)=2xy, y(0)=1, y'(0)=3.
OtBeT: y=x" +3x+1.

9.10. y" =e*", y(0)=0, y'(0)=1. Otser: y=—In|1—x]|.

1
9.11. y" ==, Ortser: y:len\/;+C1x2 +C,x+ C;.
x
1.
9.12. y" =cos2x. OrtBeT: y=—§sm2x+C1x2 +Cyx+C;.
9.13. xp" =y". Otset: y=Cx° + C,x° + Cyx* + Cyx + Cs.

3.10 JInneiinble OJHOPOJAHbIC YPABHEHHMSI € NMOCTOAHHBIMH KO3 Puuu-

CHTaAMHu

B 3amavax 10.1-10.14 tpebGyercs HaiiTu 00Iee pelieHHUe, €ClIu HE 3aJIaHbl
HavyaJbHBIC YCIOBHS, M YACTHOE PEIICHUE MPU HAIMYWUU HaYaJIbHBIX YCIOBHM.

3aoauu ona pazoopay 0ocku
10.1. y" +y' =2y=0. Otget: y=Ce " +Cye”.
102. y" =2y +y=0. Oteet: y=Cie* + C,xe".
103. y" +6y +13y=0. Otget: y=Ce " cos2x + Cye " sin2x.
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10.4. y" —4y" +3y=0, y(0)=6, »'(0)=10.

OtBet: y =4e" +2e".
10.5. y" +2y" +y" =0. OtBet: y=C, +C,x+Cye " + Cyxe .
10.6. 64y"™ +48y" +12y" +y" =0.

OtgeT:

x . X X . X X . X
y=C, + Cyx + Cycos =+ C,sin = + Csxcos~ + C,xsin = + C;x° cos = + Cox” sin =
2 2 2 2 2 2

3aoauu 0na camocmoamenibHo20 peueHus

10.7. y" =9y=0. Otger: y=Ce " +C e,
10.8. y" -4y’ =0. Otget: y=C, + C,e*.
109. y" +y=0. OtBeT: y=C,cosx+ C,sinx.

10.10.4y" =8y’ +5y=0. Otget: y=Ce" cos§+C2ex sing.

10.11. y" + 4y’ +29y =0, »(0)=0, y'(0)=15.
OtBeT: y=3e *"sinSx.
10.12. " +9y' =0, Otset: y=C, + C,cos3x + C;sin3x.
10.13. y"" =16y . Otset: y=Ce > + C,e** + C;cos2x + C, sin2x.

10.14. y" =3y" +3y' —y=0. OtBer: y=Ce* + C,xe* + C;x’e”.

3.11 JInnelinble HEOAHOPOAHbIC YPABHEHHS € MOCTOAHHBIMHU

ko3¢ unuenTamMu ¢ 0co60ii NpaBoi 4YacThI0 BUAA ebem (x)

B 3amauax 11.1-11.5 tpeGyeTcs HaiiTu ob1iee penieHue.
3aoauu ona pazoopay 0ocku
7

11.1. y" =5y +6y=x%". Otser: y=C,e™ +C,e** +ex(%x2 +%x+zj.

11.2. y" =5y +6y=e"(2x -1).

72



Otget: y=Ce™ +C,e’ + e x(x-3).
11.3. y" +y=x"-2x. OtBet: y =C,cosx+ C,sinx + x® —8x.
3aoauu 0na camocmoamenibHo20 peueHus

11.4. 2y" +5y' =5x* —2x—1.

5

x 1
Oteer: y=C, +Cye 2 +=x° —Ex2 +lx.
3 5 25
S
11.5. 2y" +5y' =e”. Otset: y=C, +C,e ? +;ex.

3.12 JInneiinble HEOAHOPOAHbIC YPABHEHHS € MOCTOAHHBIMHU

k03P punuentamn c ocodoi npasoii 4acThbI0

e™ cos fxP, (x)+e™ sin fxQ, (x)

B 3amauax 12.1-12.5 tpeGyeTcs HaiiTu o011Iee pelieHue.

3aoauu ona pazoopay 00cku

12.1. y" =5y’ +6y=20xcosx.
2x 3x 4 :
OtBet: y=Cie™ +C,e +(2x+gjcosx—(2x+2)smx.
122. y" —4y' +5y=7e* sinx.
2x 2x : 7 2x
Otset: y=Cie”" cosx + C,e smx—zxe COSX.

3aoauu 0na camocmoamenbHo20 peueHus

12.3. y" =7y' +6y=sinx.
N 6x 1 5 .
Otget: y=Cie” +C e’ + —cosx +—sinx.
74 74

12.4. 2y" +5y" =29cosx.

5
—Xx
Oteet: y=C, +C,e 2 +5sinx—2cosx.
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12.5.

3
x4
59" —6y' +5y=¢" smgx.

3 3 3
=x - 1 =x
Otset: y=Cie® cos—x+C,e> sin—x——e> xcos—x.
5 5 8 5

3.13 JInHeliHble HEOAHOPOAHbIC YPABHEHHS

€ MOCTOSIHHBIMHU K03QPUUMEHTAMH C NPABOM YaCThIO 00Jiee CJIOKHOI0 BUAA

13.1.

13.2.

13.3.

13.4.

14.1.

B 3amagax 13.1-13.4 tpeGyeTcs HaiiTu o0I1Iee pelIeHHE.

3aoaua ona pazoopay 0ocku
vy +4y=sin2x+5¢*" .

: 1 5
OtBet: y=C,cos2x + C,sin2x — Zxcos2x + Be” :

3aoauu 0na camocmoamenibHo20 peueHus
vy =3y’ +2y=3x+5sin2x.

Otget: y=Ce* +C,e”™ + §x+2 + Ecost—lsian :
27 4) \4 4

y" =3y’ +2y=shx.

1 1
Otser: y=C,e* +C,e** ——e ™ ——xe”.
Y 1 2 12 3
vy +y=sinx—2e".
1

X

OtBer: y = C,cosx + C,sinx — —xcosx —e .
2

3.14. MeTox Bapualuy NPOU3BOJbHBIX MOCTOSIHHBIX

B 3anauax 14.1-14.4 tpeGyeTcs HaliTu 00I1Iee peIICHUE.

3aoaua ona pazoopay 0ocku

y// +y:—(:tg2 X.

OtBeT: y=C, cosx + C,sinx + cosxIn +2.

g
2
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3aoauu 0na camocmoamenibHo20 peueHus

X

14.2. y//—2y/+y=x2+1.

Otget: y=e*(C, + C,x + xarctgx — Iny/x* +1).

14.3. y" —y = \1-e*" .

1 * ) 1
Otetr: y=C, +C,e" +§\/(1 —e™) + %arcsmex +Eezx\/1 —e™

X

14.4. y' =2y +y=5".
X

. — X X
OtBet: y=¢€"(C, +C,x)+xe" In| x|.
3.15. YpaBHeHusl BbICHINX MOPSIAKOB CMEIIAHHBIX THIIOB

B 3amauax 15.1-15.7 tpebyercss HallTH oOlee penieHue, eciid He 3aJaHbl
HayaJIbHbIC YCJIOBUS, U YACTHOE PEUICHHUE NTPU HAJIMYUK HAYAJIbHBIX YCIOBUM.

3aoauu 0na camocmoamenbHo20 peueHus

"

15.1. (1+sinx)y"” =cosx-y".

2
OtseT: y =C, (% —sin xj +Cx+C;.
15.2. y” +50sinycos® y=0, »(0)=0, y'(0)=5.
OtBeT: y =arctgSx.

11
153. y" =y =6x+5. Otet: y=C, + Cyx + Cye* —x° _Exz'

15.4. y" +5y" +7y" +3y=(16x+20)e".
Otset: y=Ce”" +C,e™ + Cyxe ™ + xe*.
15.5. y" +2y" =3e*(sinx + cosx).

Otget: y=C, + Cye™* +e*(0,9sinx — 0,3cosx).
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1
15.6. y" +5y’ =50sh5x. Otger: y=C, + C,e”" +5xe™>* +Ee5x.

a

15.7. y" +y=2ctgx, y(%)zl, y/(gjzz.

OtBet: y=0-cosx+1-sinx+ 2sinxIn

tg>
2
3.16 HopmauabHble cHcTeMbl OOBIKHOBEHHBIX Au(depeHIuaIbHbIX

YPaBHEHUH

B 3amauax 16.1-16.3 TpeOyeTcst HallTH pelieHne CUCTEMbI YpaBHEHUH.

3aoaua ona pazoopay 0ocku

AN
dr Yo X x=Cecost + C,e ® sint
16.1. : OtBeT: ; :
Q=—2x—5y y=e""[(C, + C,)cost +(C, — C,)sint]
dt
3aoauu 0na camocmoamenibHo20 peueHus
X' =x—y+z x=Cle’+CzeZI+C3e_’
162. <y =x+y-z. Otset: 1 y=Cje' —3C,e”
Z =2x—y z=Ce' +C,e* —5C,e”
¥ = y x=Cie' +C,e” +%(e’ —e™)
16.3. ) L OtgerT: : . :
y =xte +e y=C1e’—Cze_’+5(e’—e_’)+§t(e’+e_’)
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